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�7  �4��; �� 5 ���� 
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 �� �#
�%

[Eα, E−α] = 2H1,

[Eβ , E−β ] = −H1 +
√

3H2,
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[Eγ , E−γ ] = H1 +
√

3H2. ,24-

 �4 �� ��� +� )� ���� $��)�% ���	 
��)���
 '� �>; ���%�� �)��:� �� �F�) T�:� 
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[Eα, E−α] = αiHi, ,25-
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[Eα, Eγ ] = [Eα, E−β ] = [Eβ , Eγ ] = · · · 0 ,26-
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[Eα, Eβ ] = Eγ , [E−α, Eγ ] = Eβ , [Eα, E−γ ] = −E−β , · · · ,27-
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∀ α, β ∈ Σ, if α + β /∈ Σ [Eα, Eβ ] = 0,

∀ α, β ∈ Σ, if α + β ∈ Σ [Eα, Eβ ] = Nα,βEα+β . ,28-
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Jz := αiHi, J+ :=

√
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α · αEα, J− :=

√
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α · αE−α. ,29-
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 o $)�5����	 
�� ������ ��� so(4) �5�56��� � �"% �� ��)�
 �) so(4) �"�� �?�� +E�% ��� +� DM
 ��� )�
&�����' 0=! �
 ��� ��� '� x ∈ so(4) �4�:4 �2"* +� ����

x =

⎛
⎜⎜⎝

0 x12 x13 x14

−x12 0 x23 x24

−x13 −x23 0 x34

−x14 −x24 −x34 0

⎞
⎟⎟⎠ . ,30-

&'� �"�)��* ��� ���	 
��)���


Tij := Eij − Eji 1 ≤ i < j ≤ 4.. ,31-
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[Tij , Tjk] = Tik

[Tij , Tik] = −Tjk. ,32-

�4�! �� �.
��  ��
 ��' 
�� )���
 �% ��� $�F4 $��� �� /
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H ′
1 = T12 , H ′

2 = T34. ,33-
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T13, T14, T23 T24. ,34-

 �)�# �� ���
 32 /
��) �
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[H ′
1, T13] = −T23, , [H ′

2, T13] = T14

[H ′
1, T14] = −T24, , [H ′

2, T14] = T13

[H ′
1, T23] = T13, , [H ′

2, T23] = −T24

[H ′
1, T24] = T14, , [H ′

2, T24] = −T23 ,35-
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H1 = i(E12 − E21) , H2 = i(E34 − E43). ,36-
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Eα = T13 − iT14 − iT23 − T24

E−α = T13 + iT14 + iT23 − T24
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Eβ = T13 + iT14 − iT23 + T24

E−β = T13 − iT14 + iT23 + T24 ,37-

$#)� �%

α = (1, 1) β = (−1, 1), −α = (−1,−1), −β = (1,−1). ,38-
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[H1, Eβ ] = Eβ [H2, Eβ ] = −Eβ

[H1, E−α] = −E−α [H2, E−α] = −E−α

[H1, E−β ] = −E−β [H2, E−β ] = E−β ,39-
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H1 =
1
2
(E11 − E22),

H2 =
1√
12

(E11 + E22 − 2E33),

· · ·
Hk =

1√
2k(k + 1)

(E11 + · · ·Ekk − kEk+1,k+1),

· · ·
Hn−1 =

1√
2(n − 1)n

(E11 + · · ·En−1,n−1 − (n − 1)En,n), ,40-
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 �%

Xij :=
1
2
(Eij + Eji), Yij :=

−i

2
(Eij − Eji), 1 ≤ i < j ≤ n. ,41-
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J+
ij := Xij + iXij = Eij , J−

ij = Xij − iYij = Eji 1 ≤ i < j ≤ n. ,42-
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ik, ,43-
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α1 =
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2

√
3
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3

√
2
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· · · = · · ·
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√
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√
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√
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√
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)
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√
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−1√

3
e2 +

√
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√
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√
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 ���� ~��	 +� d��� $�F4 �) ��)���
 ��� 
����� 0=! �
 $��� �� �4�?E ��"!�
 hP��="�� T������ /���

So



$�F4 su(n) �P �="�� T������ )� �% �) 
�
���� 
���F�) ��?4# � ���� �� �34 )� �=� ������ )P���
 n ����� ������' 0=!
&��� $�F4 ��' 0=! �
 $��� �� ��4���! ����

α1 = e1 − e2, α2 = e2 − e3, α3 = e3 − e4, · · ·αn−1 = en−1 − en. ,47-

���%  ����; ���\��� O�4 �?�� 
�� c�1� 
��
 ���F�) D��:4 w�4 ��� '�

so(2n) ���

$)�5����	 
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��
 DM
)��) so(2n + 1)��� � ���� ���34)� �) so(2n) ��� c�6
$#)� �% {Tij, 1 ≤ i < j ≤ 2n} 0=! �
 
�� ������ '� ��� ()��* $# 
��
 ��� 	 +� ���� ��! 0�=F� �5�56

&�9���34)� $��)�%�����' 
��
�) ��' �I�"* $��� �� ��� $��% /@�M�'���
 �Tij = Eij − Eji

H1 := iT12,

H2 := iT34,

H3 := iT56,

· · ·
Hk := iT2k−1,2k

· · · ,
Hn := iT2n−1,2n. ,48-

� " !� 
 � � !�� 4 � %� �F � ��� 4� l � � Tkl � Tij � �� ����  J �� �' � � = 4 � 
 ��� � � � � 
� � �F �) $�)�# ��� 
 
�� 
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[Tij , Tjk] = Tik

[Tij , Tik] = −Tjk ,49-

0=! �
 �2"*)�JE k, l ���4� �� �� 
��
 $��� ��  ���� so(4) ��� �)��)� 029 ��� 
���
�)� �% �e4# �
 W
�>� c�6
&�9���34)���'

E+
kl = T2k−1,2l−1 − iT2k−1,2l − iT2k,2l−1 − T2k,2l

E−
kl = T2k−1,2l−1 + iT2k−1,2l + iT2k,2l−1 − T2k,2l

F+
kl = T2k−1,2l−1 + iT2k−1,2l − iT2k,2l−1 + T2k,2l

F−
kl = T2k−1,2l−1 − iT2k−1,2l + iT2k,2l−1 + T2k,2l ,50-
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n

� so(2n) ��� 
��
 ��="�� T������ &v 0=!


��
 �J4# ����5� �A�� ��"�<� (−1,−1) � (−1, +1) �(+1,−1) �(+1, +1) ����5� �A�� 
�)�� Hk, Hl 
��
 �2"*)�JE ���

� ���F9 0=! �
  �4��� �� (em)j = δjm  �"% V������' 0=! �
 �) em 
�>� 
��)���
 ����� �����\I u�R�
�� H�?��

&�"�<���' 0=! �
 0�7 �@:� �
 �����
�� �F�) ��� � �<��"
�) �2"*)�JE ��� �
 ��
�� 
�� �F�)

ek + el, ek − el, −ek + el, −ek − el. ,51-

�J4#�
�H�"�� 
�� �F�) �% �9���34)� C�
 0=! �
 �) E±
kl, F±

kl �2"*)�JE $��� �� 1 ≤ k < l ≤ n ���4� �\��� 
�'� �

'� � " �)� � * � � 1 � 
� � �F �) � 4 × n(n−1)

2 = 2n(n − 1) � 
 ���� 
�� 
� � �F �) ��� � � � ��� 
� " 
 �±ek ± el '� � " �)� � *
'��"�)��* ���� 
�� �F�) �"% �
�a �% ��� ��"4��;�
 �ek ± el 1 ≤ k < l ≤ n

∏
= {e1 − e2, e2 − e3, e3 − e4, · · · , en−2 − en−1, en−1 − en}

⋃
{en−1 + en} ,52-
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��� $��)�% ���	 ���� ��! 0�=F� ��9 ��
�
 �5�56 $)�5����	 
�� ������ '� ��� ���� ���� ���34)� �) so(2n + 1) ��� c�6
�"�� ���� so(2n) ��� 01� ��)� ���

H1 := iT12,

H2 := iT34,

H3 := iT56,

· · · ,
Hn := iT2n−1,2n. ,53-

 ���� ���34)��) ��' �2"*)�JE 1 ≤ k < l ≤ n ���4� �\� �� 
�'� �
  �'�


E+
kl = T2k−1,2l−1 − iT2k−1,2l − iT2k,2l−1 − T2k,2l

Sh



E−
kl = T2k−1,2l−1 + iT2k−1,2l + iT2k,2l−1 − T2k,2l

F+
kl = T2k−1,2l−1 + iT2k−1,2l − iT2k,2l−1 + T2k,2l

F−
kl = T2k−1,2l−1 − iT2k−1,2l + iT2k,2l−1 + T2k,2l ,54-
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��
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���F�) �����\I u�R�
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ek + el, ek − el, −ek + el, −ek − el. ,55-

�J4#�
�H�"�� 
�� �F�) �% �9���34)� C�
 0=! �
 �) E±
kl, F±

kl �2"*)�JE $��� �� 1 ≤ k < l ≤ n ���4� �\��� 
�'� �

'�"� 2n + 1 ���4� '����'  �� ��9��4 �) �� �F�) T�:� '�"� ��� � �� ��;���) �F�) 2n(n − 1) ����� $�"%�� �±ek ± el '� �"�)��*

� �� ���=4 
� ���\��� l��

& ���� ���34)��) ��' �I�"*

G±
1 := T1,2n+1 ∓ iT2,2n+1,

G±
2 := T3,2n+1 ∓ iT4,2n+1,

G±
3 := T5,2n+1 ∓ iT6,2n+1,

· · ·
G±

n := T2n−1,2n+1 ∓ iT2n,2n+1. ,56-

&�"�<���' K���� �
 �I�"* ����
�H�"�� 
�� �F�) �% �"% W�58� �4��� �� ��6��
 ��"4��;

± e1,±e2, · · · ± en. ,57-

&'� ��� ()��*��� ��� 
�� �F�) 
�G9 ����
�"

∑

= {±(ek ± el), ,±ek, 1 ≤ k < l ≤ n}. ,58-

&'��"�)��* ��1� 
�� �F�)
+∑

= {ek ± el, ek 1 ≤ k < l ≤ n}. ,59-
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 ��="�� T������ &x 0=!

&'��"�)��* ���� 
�� �F�)
∏

= {e1 − e2, e2 − e3, e3 − e4, · · · en−1 − en, en}. ,60-
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 ���� ��! ���� (|- 0=!)� $# ��= " �� T�� �� ��� n � 
 ���� 
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� �� � �� � � �)

�� �F�) �"% �
�a �% ��� ��"4��;�
 �ek ± el 1 ≤ k < l ≤ n '� �"�)��* ��1� 
�� �F�) � 4 × n(n−1)

2 = 2n(n − 1)

'��"�)��* ����
∏

= {e1 − e2, e2 − e3, e3 − e4, · · · , en−2 − en−1, en−1 − en}
⋃

{en−1 + en} ,61-
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−In 0

)
$#)� �% �""% �� g�I xJ + Jxt = 0
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x =
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C −At

)
,62-
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x =

⎛
⎜⎜⎝

a b α β
c d β γ
α′ β′ −a −c
β′ γ′ −b −d

⎞
⎟⎟⎠ ,63-
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H1 := E11 − E33 H2 := E22 − E44 ,64-

�F�) )���
 T��%�� 
�@�)� �% �4�! �� ��!�4��' K���� �
 �"�<� ������)�	 '� �=� K��R T��%�� �% O�4 ��� �I�"* ��5

& �<��4 �� �) $# �
 ��
��

E12 − E43 (1,−1)

E21 − E34 (−1, 1)

E14 + E23 (1, 1)

E41 + E32 (−1,−1)

E13 (2, 0)

E31 (−2, 0)

E24 (0, 2)

E42 (0,−2) ,65-

&�!��  ����;��� ��� 
��
 ����
�"

∑

= {e1 ± e2,−e1 ± e2,±2e1,±2e2},
+∑

= {e1 ± e2, 2e1, 2e2},∏
= {e1 − e2, 2e2}. ,66-
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 Cn = sp(2n) ��� �
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H1 = E11 − En+1,n+1

H2 = E22 − En+2,n+2

H3 = E33 − En+3,n+3

· · ·
Hn = Enn − E2n,2n. ,67-
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Ei,n+j + Ej,n+i ei + ej i < j

Ei,n+j + Ej,n+i − ei + ej i > j

Ei,j − En+j,n+i ei − ej i < j

En+i,j + En+j,i − ei − ej i < j

Ei,n+i 2ei

En+i,i − 2ei. ,68-

&�!��  ����; Cn = sp(2n) ��� 
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∑
= {ei ± ej , ±2ei 1 ≤ i < j ≤ n}

+∑
= {ei ± ej , 2ei}∏
= {e1 − e2, e2 − e3, · · · en−1 − en, 2en}. ,69-
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