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We will consider a unitary operator Vs acting on the Hulbert space of 41 qubits and
define the final states |y ) and |Syy) as

o o) = V() ©]0)*¥Y), (45)
B} = Vwu(D)®Y @ |0)#M ), (4.6)

Unitarity gives the following constraint on the scalar product of the final states:
(o[ Bvar) = ()" = V. “1)

As a convenient criterion for optimality of the cloning transformation, we maximize the
average global fidelity F,(N, M) of both final states |y yr) and |3y pr) with respect to the
perfectly cloned states [a™) = |a)®™ and [BM) = |B)®M. The average global fidelity is
defined formally as

— Fy(N,M) = = ([{owar|a™) >+ [ (B arb™)2) . (48)
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pa= (A+ B)*|a){a| + (A — B)*|b) (b] + (A? — B%) Y~ (|a) (bl + [b)(al
idelity is then calculated as

FLa(N, M) = (a|pa]a)
= A1+ 5% +25M) + B*(1+ 8% —28M) 1 24B(1 - §%).
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In Fig. 4.2 we show the fidelities for the 1 — 2 and 1 — 3 cloners as functions of the pa-
rameter . The dashed curve corresponds to F3(1, 2), the full curve to Fi4(1, 3). Asexpected,

the values of the fidelity are always much higher than F"F't 1,2)=

and FoP(1,2) = 5/6 w

sal cloners, respectively, and than FP*(1,3) =

FPt(1.3) =7/9 ~ 0.778, see Sections 4.4 and 4.5.
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(v2+1)/(2¢/2) ~ 0.854

0.833 for the 1 — 2 optlmal phase covariant and univer-

(T + 2V3)/2(2V3 + 3)] =

0.809 and

Figure 4.2. Fidelity for each output copy of the state-dependent cloner as a function of the
parameter #. The dashed curve refers to the 1 — 2 cloner (Eq. (4.15)), while the full curve
corresponds to the 1 — 3 cloner (Eq. (4.16)).
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F=a*(a*+ %) + 22 3 + b
+a?3%|ab- 2 Re(({A|B) + (B|A)) + be - 2 Re((B|C) + (C|B))] .

Independently of the coefficients a, b, ¢ the fidelity will be maximal for the following choice
of scalar products between the auxiliary states:

AB) = 1 = (BA),

(BIC) = 1 = (C|B), (4.26)
which can be reached with a two-dimensional ancilla and, e.g., the choice

4) = [0, [B)=[1), [C)=]),

[4) = 1), [B)=10), |C)=]1). (427)

Inserting this into Eq. (4.25) we artive at

F= (a* — ¢*) cos® 9+ ba + ¢)sin® .

b=
]

_I_

acoslp+bsin®p = 2al,

(a+c)sin®p = 4bX,

—ccos’p+bsin?p = 2eh,
a2+ +2 = 1,

where A is the Lagrange multiplier. The solution for the coeffic

a = %[1+c052@¢

1

sin* ¢ + cost

5

1
b = isin? :
2 @\/sin'i @+ cost

1
1 — cos®
( Ea“sin‘ifp—l— cos“fp)

]



Fopt = 2(1+ sin® ¢ + cost @) .
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Quantum copying: Beyond the no-cloning theorem

V. Buzek'? and M. Hillery!,
v Department of Physics and Astronomy, Hunter College of the City University of New York,
695 Park Avenue, New York, NY 10021, USA
? Institute of Physics, Slovak Academy of Sciences, Dibravskd cesta 9, 842 98 Bratislava, Slovakia
(February 1, 2008)

We analyvze a possibility of copying (= cloning) of arbitrary states of quantum-mechanical spin-
1/2 system. We show that there exists a “universal quantum-copving machine” (i.e. transformation)
which approximately copies quantum-mechanical states such that the quality of its output does not
depend on the input. We also examine a machine which combines a unitary transformation and a
selective measurement to produce good eopies of states in the neighborhood of a particular state.
We discuss the problem of measurement of the output states.
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Optimal Extraction of Information from Finite Quantum Ensembles

S. Massar* and S. Popescu’
Service de Physique Théorique, Université Libre de Bruxelles, Boulevard du Triomphe,

CP 225, B-1050 Bruxelles, Belgium
(Received 18 October 1993)

Given only a finite ensemble of identically prepared particles, how precisely can one determine their
states? We describe optimal measurement procedures in the case of spin 1,/2 particles. Furthermore, we
prove that optimal measurement procedures must necessarily view the ensemble as a single composite
system rather than as the sum of its components, i.e., optimal measurements cannot be realized by
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