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Problem 1 (10 pts): Dynamics of a driven two-level system

(a) Let us consider a generic time-dependent Hamiltonian Ĥ = Ĥ0 + V (t). Suppose time-
independent states satisfy Ĥ0|n〉 = En|n〉. As you know, in the interaction picture we

have i~∂t|ψ(t)〉I = VI |ψ(t)〉I , with VI(t) = eiĤ0t/~V (t)e−iĤ0t/~. If |ψ(t)〉I =
∑

n cn(t)|n〉,
then show that

i~ċm(t) =
∑
n

Vmn(t)eiωmntcn(t), (1)

with Vmn(t) ≡ 〈m|V (t)|n〉 and ωmn ≡ (Em − En)/~ (3 points).

(b) Let us consider a two-state system with

Ĥ0 =

(
E1 0
0 E2

)
, V (t) =

(
0 δeiωt

δe−iωt 0

)
. (2)

Show that for the two-component vector c(t) = (c1(t), c2(t)), Eq. (1) translates into

i~∂tc = δ

(
0 ei(ω−ω21)t

e−i(ω−ω21)t 0

)
c(t). (3 points)

(c) Show that for the initial condition c1(0) = 1 and c2(0) = 0, this equation has the solution

|c2(t)|2 =
δ2

δ2 + ~2(ω − ω21)2/4
sin2 Ωt, and |c1(t)|2 = 1− |c2(t)|2,

with Ω ≡ [(δ/~)2 + (ω − ω21)
2/4]1/2. Here, Ω is known as the Rabi frequency (3 points).

(d) Show that the maximum probability of occupying state 2 has the value of unity at reso-
nance ω = ω21 (1 point).

Problem 2 (10 pts): The kicked oscillator

(a) Let us again consider a generic time-dependent Hamiltonian Ĥ = Ĥ0 + V (t). Suppose
time-independent states satisfy Ĥ0|n〉 = En|n〉. Consider a system which is prepared in
an initial state |i〉 at time t = t0. As you know, its final state, |f〉, at a subsequent
time, t, is given by |f〉 = UI(t, t0)|i〉, where the time-evolution operator UI(t, t0) satisfies
i~∂tUI(t, t0) = VI(t)UI(t, t0). Show that for UI(t0, t0) = 1, we have

UI(t, t0) =
∞∑
n=0

(
− i
~

)n ∫ t

t0

dt1 · · ·
∫ tn−1

t0

dtnVI(t1)VI(t2) · · ·VI(tn). (1)
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(b) Using 1 =
∑

n |n〉〈n|, we obtain |f〉 =
∑

n cn(t)|n〉 with cn(t) = 〈n|UI(t, t0)|i〉. Making

use of (1) show that cn(t) =
∑∞

j=0 c
(j)
n (t), with

c(0)n = δni,

c(1)n (t) = − i
~

∫ t

t0

dt′eiωnit
′
Vni(t

′),

c(2)n (t) = − 1

~2

∫ t

t0

dt′
∫ t′

t0

dt′′eiωnmt′+iωmit
′′
Vnm(t′)Vmi(t

′′),

· · · · · · (2)

with Vmn(t) ≡ 〈m|V (t)|n〉 and ωmn ≡ (Em − En)/~ (3 points).

(c) Suppose a simple harmonic oscillator is prepared in its ground state |0〉 at time t = −∞.
If it is perturbed by a small time dependent potential V (t) = −eExe−t2/τ2 . use second
order perturbation theory, and determine the probability of finding it in the second excited
state (4 points).

Problem 3 (5 pts): Alternative derivation of the Golden Rule

(a) Consider c
(2)
n (t) from Eq. (2) in problem 2. Suppose that a harmonic potential perturba-

tion V (t) = eεtV e−iωt with the initial time t0 → −∞ is gradually switched on. Show that

c
(2)
n is given by

c(2)n (t) = − 1

~2
ei(ωni−2ω)t e2εt

(ωni − 2ω − 2iε)

∑
m

〈n|V |m〉〈m|V |i〉
ωm − ωi − ω − iε

. (2 points)

(b) Using lim
ε→0

2ε
(ωni−ω)2+ε2 = 2πδ(ωni − ω), show that the transition rate in the limit of ε → 0

is given by

Γi→n = lim
ε→0

d|c(2)n |2

dt
=

2π

~4

∣∣∣∣∑
m

〈n|V |m〉〈m|V |i〉
ωm − ωi − ω

∣∣∣∣2δ(ωni − 2ω). (2 points)

(c) Describe your interpretation of this result. Do you miss any energy conservation in this
transition? (1 points)
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