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Approach Definitions
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Approach Definitions

Regression
o Task T: Finding mapping f: x — y (£ € X =RP and y € R)
o Experience E: Set of N input-output pairs D = {(,,yn)}2_,
o P =3 Y01 (n — f(@ni0))?

Linear Regression

Similar to classification problems, in regression problems we model p(y|zx, 8).
Linear regression is the class of regression problem modeling where the expected
value of the output is assumed to be a linear function of the input. In other

words:

E[y|x,0] = w'z

where w is a subset of model parameters 6.
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Section 2

Linear Regression Model
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Linear Regression Model

Linear Regression Model

One model for linear regression can be formulated as:

p(ylz, 0) = N (y|wo + wl e, o?)

where: . ) )
Weights or regression coefficients
wWo Bias or offset
2 . . .
o Estimation variance

Vectors Augmentation

Similar to classification models, we usually consider augmented vectors [wg; w]
and [1; x|, which results in the following model:

p(ylx, 0) = N(y|lw’ z, 0?)

In this case 8 = [w; 02].
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Linear Regression Model Extensions

Extension to Vector Response y

Consider the situation where response is vector y € R” rather than scalar. Then
assuming the elements of y are independent, we have:

J
p(yle,0) = [N (y;lw],03)

j=1

_ T .
where 0 = [wy;...;wy;07;...;05].

Feature Transformation

Similar to classification problems, we can use feature transformation to reach a
more descriptive models as:

plylz,0) = N(ylw" ¢(z),0?)

where 6 = [w; 0?].
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MLE

Using model formulation, we have:
N
p(DI6) 2 p({yn 1N {2n}o1,0) 2 T p(ynlzn. 0)
i=1

N
H exp —i(yn —w'x,)?
=5 V27102 202

where we use mode definition and independence of training samples in equality (1)
and (2), respectively. Thus negative log-likelihood is:

)

02 Z EE- log(?ﬂ’o )

n=1

NLL(6

~—

~ A
where we define 7, = wlz,.
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MLE

Converting Summation into Matrix Form

We can easily show that:
RSS(w —12 —w'x —1||Xw— ||2—1(Xw— T (Xw —y)
=9 Z n)" = 9 Yll2 = 9 Y Yy

where RSS(-) stand for residual sum of squares function and:

X = 5 P Y=
- Tn — Yn

Thus the negative log-likelihood can be written as:

1 N
NLL(6) = o | Xw — yll3 + 5 log(270?)
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The optimal value for w and o2 can be calculated as:

Vi NLL(O) = 0 = V,RSS(w) = X" Xw — XTy =0
=W = (XTX) 1 XTy

N
1 2
. ~2 ~T 2 ~
Vg NLL(G) =0= Orle — N nil('yn — 'wmleznn) = NRSS(wmle)

Note that @, = (XTX) ' X"y is known as Ordinary Least Squares (OLS)
solution.

v
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Sample: leling a Device surement

Data Generation . g.‘&,
. 30 1 .o 1
Assume we have device that gen- Tl zati '
erates its measurements based on | %, ‘.' ‘6‘5 i
the following rule: g2 T Ty R
3 o) ﬁi
X RS :i_‘.ﬁ.s‘.‘ .
[N Ly ol )
i ~ N(pi, %) + 2 : :,‘;X"“x‘?f -
Mz:10+2X$Z = <7 g ‘?:‘. J
<k o :‘.:1&&.’..' ) :" :
o? =22 = 151 o el e
2 LA, .qw.. o F
e pPeq Yo oo
On the right, we see a realization =10 ;3-' -{".' -
. [
of this data for N = 1000. e
S
0 2 4 6 8 10
x
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Sample: Modeling a Device Measurement

Data Generation
Solution: Based on the MLE fol- 301
rmulation, the solution is: .
S 25 1
Wte = (X X)X Ty x
(@]
= [10.14,1.99]" + 207
(@)
| 1000 , =
Ufnle 1000 = (yn wmlewn) ‘22 151
= 3.85 ~ 10
On the right, we see the solution. 547
0 2 4 6 8 10
x
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(a) Difference

-6 -4 =2 0 2 4
Yy — (’L/l}o + ﬁ}\ll‘)

(b) Difference Histogram

Figure: Visualization of difference




Sample:

Data Generation

Assume we have device that gen-
erates its measurements based on
the following rule:

i ~ Lap(pi, b)
Mi = 104 2 % x;

b=v2

On the right, we see a realization

of this data for N = 1000.
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surement

Data Generation

Solution: Based on the MLE fol-

rmulation, the solution is: Q
-

Wmie = (XTX) 1 Xy X
(@]

=[9.91,2.01]" +

(@)

1 1000 . %

072711@ = 1000 (Yn — wmlewn)Q 3
n=1 2

>

=3.74

On the right, we see the solution.
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Sample: Modeling a Device Measurement

3001
250 1

B

<i @ 200 A

=1 5

s 3 1501

I

> 1004
501

0 2 1 6 810 4 -2 0 2 4 6 8
T Yy — (’L/l}o + ﬁ}\ll’)
(a) Difference (b) Difference Histogram

Figure: Visualization of difference
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Section 3

Heteroskedastic Regression (Weighted LR)
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Heteroskedastic Regression assume the follwoing model for data:

pole, 8) = MylwTe, 02(e)) = ———— axp (—#@ —

For the simplicity, assume we have access to {o%(z,)}_,, then:

p(D|O) = —wlz,)?

H\/27m2 ( 1 )( : ))
1
)

N(y|Xw, A7), A = diag(—

(‘Bn)
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Heteroskedastic Regression (Weighted LR)

1 1
Df)= ———exp(—=(y— Xw)'A —Xw>
p(DIO) = e (50— Xu)"Aly - Xu)
=NLL(8) = (y — Xw)'A(y — Xw)

=V NLL(@) =0 = XTAXw - XTAy =0 = W, = (XTAX) ' X Ay

The above is known as Weighted Least Squares (WLS) estimate.
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Sample: Modeling a Device Measurement

Data Generation
Assume we have device that gen- | 1501 .
erates its measurements based on | = 100 R
the following rule: 8 N R S T a
X S, P R o
2 N 50 4 TN - ’$ 2 ”'\“i‘é."g 20
v | e
pi = Bo + B = ] M L*‘! e 4] ~°~ e
2 2 2 » -‘ [ 4 C)
o7 = u; 2 i
u; o« U(10, 50) = 50
On the right, we see a realization —100 1 "
of this data for N = 1000. ) 0 3 1 6 5 10
T
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Sample: Modeling a Device Measurement

MLE Solution
150

Solution:  Based on OLS, we |
have: s .. . D
o 1001 e e

ﬂ’mle = (XTX)_ley ;i

= [11.97,1.90]7 :

Below we see the solution. ) 22

SN
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MLE Solution

Solution: Based on WLS, we

have:
Winte = (XTAX) X Ay

= [11.57,1.92]"

Below we see the solution.

d Amini

Yy~ N0 +2 x z,u?)

150 4

100 4




Section 4

Measuring Goodness of Fit
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Residual Plots

Residual Plots

For one dimensional inputs, we can plot the residual r,, = ¢, — ¥, vs the input

Z,. The resulting plot is called residual plot. This plot should be similar to
samples of N(0,0?).

y — (Wy + wiz)
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Coefficient of Determination

Coeflicient of Determination
Coefficient of Determination is defined as:

R2Aq_ Zr]j:l(@\” — yn)? —1_ RSS
ZnNZI(g — yn)? TSS

where § = + Z:val yn and TSS = Zivzl(_n — y,)? stands for total sum of
squares (TSS). You can show that 0 < R? < 1

v
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Section 5

MAP Estimation (Regularization)
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Subsection 1

Ridge Regression
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Ridge Regression

Ridge Regr

To avoid overfitting in linear regression, similar to classification models, we can
assume the weight vector to come from the following prior:

p(w) = N(w|0,7°I)

where ) is a hyper-parameter. The resulting MAP estimation is known as Ridge
Regression and is formulated as:

Winap = argmax p(w|D)p(w)
w
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Ridge Regression

Assuming the o to be known, we have:

p(D|w) p(w)

N
1 1 T, )2 1 U dry s
p(w|D) H mo? €xp <—@(yn —w xn) ) meXp <—§w (1) w)

Ly X))y - Xw)T)

Thus we have:

1

1
STEE p(w|D) = arg;nin — log p(w|D) = arginin ﬁ“y - Xw|® + ﬁHWHQ

A
=~

2
g
ly = Xwl? + % w]?
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Ridge Regression

J(w) = [ly = Xwl* + Awl?
=Vl (w) =2(X"Xw - XTy + ) w) =0

-1
S Winap = (XX + M) X Ty = (Z z,zl + AI) (Z ynmn>
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Subsection 2

Lasso Regression

nation (Regularization)



Feature Selection

Assume the problem we encountered in ridge regression:

argmin [y — Xw|3 + Alw|3
w

Now change the £5 norm with £y norm as:

argmin ||y — Xw|® + A|wl
w

Jo ('LU)

where ||w]o = Zle I(Jwg| > 0). In the above formulation, the problem is
solved by using reduced number of features.

v,
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Sample: Modeling a Device Measurement

Data Generation

Assume we have device that generates its measurements based on {Mz zjl\g(il 720>< ).Tz
Then we have the following states: 7 >
@ o #0,8 #0= J(w) = 38482+ X x 2
@ o #0,8 =0= J(w) =36842.5+ X x 1
@ S =0, #0= J(w) =29584.4+ X x 1
@ 5o =0, =0= J(w) =439953.5+ A x 0
Thus we have the following result for the Jo(w) problem:
[0,0]7 (J(w) = 439953.5) 439953.5 — 29584.4 < A
{[0,3.51]T (J(w) =29584.4 + X x 1) 29584.4 — 3848.2 < A\ < 439953.5 — 295
[10.13,1.98]" (J(w) = 3848.2+ A x2) A < 29584.4 — 3848.2
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Sample: Modeling a Device Measurement

B —— B #0,8 #0
— B #0,5=0 .
— 6=0,81#0 :
— 6 =0,6=0

15 1

2 10 1
=Y

5 4

0 4

0 2 1 6 8 10
T
Figure: Realization of device data for N = 1000
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Lasso Regression

Lasso Regression

Assume dimensions of weight vector are independently and identically dis-
tributed as Lap(w|0, ). Then the prior distribution over weight vector is:

p(w) = 12[ QibeXp (— l?')

d=1

where b is a hyper-parameter. The resulting MAP estimation is known as Lasso
(Least Absolute Shrinkage and Selection Operator) Regression and is formulated
as:

Winap = argmax p(w|D)p(w)
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Ridge Regression

Assuming the o to be known, we have:

p(D|w) p(w)

AT 1 1 1 &
T
p(w|D) o | | Wb (—@(yn —w ﬂ?n)2> @)D &P <_b > |wi>

X exp

/-\

1 1

5 (@) (y — Xw)" ) exp | —7[lwls
2 b
Thus we have:

1 1
argmax p(w|D) = argmin — log p(w|D) = argmin —— ||y — Xw|> + —|w]|:
w w w 20’2 b

A
~ =

202
= lly — Xw|* + = Jw]:
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Connection to Feature Selection

Lagrangian Interpretation

Using Lagrangian interpretation, we have:

RidgeRegression : min NLL(w) + A|jw]|3
w

min,, NLL(w)
st. [|[w]3 < B

min,, NLL(w)
st |lw| < C

&

LassoRegression : min NLL(w) + A||lw|; = {
w
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Lasso Regression

For the solution of Lasso regression, we only consider the case where X Tx =1.
In this case, we have:

Wnte = (XTX) 1 XTy = XTy
If we use the above, we have:
J(w) =[ly — Xw|* + Awl|; = (y — Xw)" (y — Xw) + A|w|,
W I y XXy
T T T T &7 = T~
=y y—2y Xwt+w X' Xw-+ w1+ W,,;.Wnic — W 1eWmnie
=[lw — @pie|? + Allw]s + " (I - XXy

Thus we have:

min J(w) = min ||w — Wel]® + M|w]1
w w

= mln (wz - ﬁ}\(mle)i)z + >‘|wz|a i = ]-7 s 7D
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Lasso Regression

‘We should solve the problem of the following form:
J(w)

Wigsso = argmin (w — @mlg)2 + Aw]|
w

Now assume two cases:
@ Wyie > 0= w > 0, then:

| >

_ d _ _
J(w) = (w—wmle)2+)\wé HJ(U}) =2(w — Wmie) + A =0= w = Wmie —
@ Wmie < 0= w <0, then:
= 2 d . . A
J(w) = (W — Wine)” — Aw = HJ(U}) =2(w — Wmie) —A=0= w = Wmie + B

P A PS
max{wntle — 32> O} Wimie > 0

Altogether we have: Wiqsso = P P
& ! {mln{wm,le + %1 0} Wmie < 0

= S(Wmte, 3)

MAP BEstimation (Reg



sholding Ope

7.5

5.0 1

> > > >
Il
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2.5 1

0.0 1 /
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Figure: Soft Thresholding Operator Curve
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Section 6

Bayesian Linear Regression
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Bayesian Linear Regression

Prior and Likelihood

Assume the following prior distribution:
p(w) = N(wlw, %)

On the other hand, we see before that the likelihood can be written as (we
assume o2 to be known):

N
p(Dlw) = H (yn|w" x,) = N(y| Xw, 0?T)
n=1

Bayes Rule for Gaussian

z) = N(z|p, :
If { Ey|z) _ ‘ZWZ + b » ) 5 then.
2, =S+ wisiw
HoalyZzly [W z, (y—b)+2;1uz}

p(z\y) = N(Z|Hz|y7 23z\y)v {
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Bayesian Linear Regression

Thus the posterior can be calculated as:
p(w|D) o N (wlit, )N (y] X w, 0) = N (w|iv, 5)

where we have:

e 1
S8 b+ — X y)

S
(>

™M>
(1>

(=
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likelihood

prior/posterior

1

>0

1 1
§£0 >0
N y
-1 -1
0 1 -1 1
Wo
1 1 1
) § Dm )
-1 -1 -1
-1 0 1 -1 0 1 -1 1
Wo Wo
1 1
i 0“ -
-1 -1
-1 0 1 0 1 -1 1
Wy Wo
+#
0 1

-1




Posterior Predictive

Normalization Constant in Bayes’ Rule for Gaussian

In Bayes’ rule for Gaussian, we have:

p(y|z)p(2)

p(zly) = W)

where the normalization factor is:

)= / Nzl SN @IW= + b,5,)dz = Ny Wp, + b, 5, + WS, W)

v

Computing Posterior Prediction

p(ylz, D) = / (a0, SN (g T 02) s = N (| 0, 62.0)

6% (x) =0+ "3z
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