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Section 1

Basic Problem
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Exploring Model Fitting

Model Fitting (Training)

Machine learning generally deals with finding parameterized mapping f(-;8)
(Task) based on dataset D (Experience). This is known as model fitting (train-
ing). Training is generally formulated as:

6 = argmin L£(0)
0

where £(0) is known as loss function.

Model Parameters

There are two important points considering model parameters:
o Point estimate 0

e Uncertainty or confidence in the estimate (Inference)
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Section 2

Maximum Likelihood Estimation (MLE)
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Maximum Likelihood Estimation (MLE)

The MLE for supervised learning is defined as:

S a —_—
Omic = B P{Zns Y b1 10)

adding the independency of training example we have:

p(D[6) = H (@0, 9, 10)

The above distribution can be reformulated as:

p(xn)

p(D|0) = H p(yn|@n, 0) p(xn|0)

Thus we can find MLE using the following problem:

Omie 2 argmax H (Y, |Tn,0)

n=1

aximum Likelihood Estimation (MLE)



Negative Log Likelihood (NLL)

Negative Log Likelihood (NLL)

From Slide 7 we have:

Bunte £ argmax IT ow.len.0)

n=1

Log likelihood (LL) is defined as:

N N
) £lo H Py, e, 0) = D logp(y,|®n,6)
n=1 n=1
Adding a negative sign we reach the Negative Log Likelihood (NLL) as:
N

NLL(6) £ —log [ p(y,|=,6) Z log p(y,, @, 6)
n=1 n=1

And optimization problem to find ﬁmlg becomes minimization as:

@mle = argmin NLL(O)
)
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MLE Justification

Equivalent to MAP estimation

Under uniform prior distribution (p(8) o 1), gmle = gmap

Equivalence of MAP and MLE Under Uniform Prior

The maximum a Posteriori estimation for model parameters is:

p(D|6)p(6)
p(D)

b\map = argmax p(0|D) = argmax
o o

where p(D) is independent of 6 and we assume uniform prior (p(@) o 1). Thus:

Ema,, = argmax p(D|0) = @mle
6
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Kullback Leibler (KL) divergence

Kullback Leibler (KL) divergence

KL divergence is a common function for comparing two distributions p and ¢
defined over a random variable Y. It is formulated as:

o Discrete RV: Dk (p|lq) £ > ey P(y)log ply) _ E,[log p())

aly) — a(y)
o Continuous RV: Dy, (pllq) = Jyey p(y)log pgg dy = E,[log %]

Kullback Leibler (KL) divergence

e KL divergence is is not a distance measure because:

o It is not symmetric: Dk (p|lq) # Dxw(q||p)
o It need not satisfy triangular inequality.

o Dkw(pllg) >0
o Dkr(pllg) =0iff p=gq
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Empirical Data Distribution

Empirical Data Distribution

In a supervised problem over dataset D = {(zn,y,,)})_;, the empirical distri-
bution is defined as:

| N
pp(x) = i Z o(x — x,)
n=1

pD(y|:c)={5y_y") fe=x,,n=1,...,N
ND O.W.

N
po(x,y) = po(ylz)pp(a Z T —,)5(y —y,)
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MLE Justification

Minimizaing the Distance Between Model and Data Distributions

Assume the conditional empirical distribution pp(y|z) and model distribution
p(y|x, 0). The expected KL divergence between these distributions over epirical
distribution pp(x) is:

Byoo it 0 w12 p(012,0)) = [ po(@) | [ plyia)ton L2V %ay) de

constant
= / /pD(w y) logpp(y|z) // 25 6(y — y,) log p(ylz, 6)
zJy
N
= constant — 1 Z log p(y,,|Tn, @) = constant + N LL(6)
N — n n)

Thus we have:

Onie = arggﬂin]EpD(w) [Dxv(pp(ylz)llp(y|z, 6))]
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MLE for Bernolli Distribution

Suppose:

@ Y ~ Ber(0) representing coin toss (Y = 1 represents head)
Q@ o=p(y =1)
@ D={y;, ...yn}

Compute 8,/
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MLE Example

MLE for Bernolli Distribution

Suppose:

@ Y ~ Ber(0) representing coin toss (Y = 1 represents head)
Q@ o=p(y =1)
@ D={y;, ...yn}

Compute 8,/

N N
NNL(®) = —log [] p(ynl0) = —log [] 0'¥n=Da - )lun=0)
n=1 n=1
N
=— > Iyn = 1)1og 0 + I(yn = 0)log(l — 0) = —[Ny log 6 + Ng log(1 — )]
n=1

where N1 = SN I(yn

= 1) (number of heads) and Ng = SN_, I(yn = 0) (number of tails). N7 and Ng are called
the Sufficient Statistics

of the data, since they summarize everything we need to know about D. N = Nj + Ng is
called the Sample Size. 0,,;, cab be found as:

< NLL(6) = 0 = 0, T
—0= -
26 mle

——— ( Empirical fraction of heads)
N1 + Ng




MLE for Gaussian Distribution
Suppose:

® Y ~ N(p,0%)

@ 6= (y,0%

@ D={y1,...,yn}

ComPUte Omie = {ﬁmlea afnle}‘
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MLE Example

MLE for Gaus

Suppose:
® Y ~ N(p,0%)
@ 6= (y,0%
@ D={y1,...,yn}

Compute Omie = {ﬁmlea afnle}‘

1 & 2, N 2
NLL(;L,CT = 557 Z — )+ Elog(Qﬂ'a )

= % 25:1 yn and s2 = N Z La yn are called the Sufficient Statzstzcs of the data, since they
summarize everything we need to know about D to calculate fiy e and 62 o as:

FNLL(p,0%) =0 Bmie = % 2N _1yn =

Y
FZNLL(o?) =0 |82 = & S0 n —B)? = 5> — 77
V.

Maximum Likelihood Estimation (MLE)



MLE Example

Suppose:

0y~ N X)

0= (pXx)

@ D={y,,...,yn}
Compute 0,10 = {ﬂmlg7§:mle}-
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MLE Example

Suppose:

0y~ N X)

0= (pXx)

@ D={y;,...,yn}
Compute O e = {ﬁ,mlg,f]mle}.

v

L N 1 Y -
(1, %) = T log Al = o > (y, — 1) Aly, — 1)
n=1

+ SNy, and S = * SN y,yl are called the Sufficient Statistics of the data, since
they summarize everything we need to know about D to calculate f,,;, and gmle as:

%NLL(IJ"E):O ﬁmlezﬁzgzlyn:'y
s NLL(1,2) =0 Shie= 42N (Wn D@, — T =5 - 557
4

Maximum Likelihood Estimation (MLE)



Section 3

Empirical Risk Minimization (ERM)
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Empirical Risk Minimization (ERM)

Remember MLE where we have the following problem:

N Uy,izn,0)
= —
Omic = argmin - logp YnlTn, 0
: ; (Y, |@n, 0)

We can generalize this result by replacing conditional log loss with any other
loss, to get:

N
1
L(0) = % > Uy @n,0)
n=1

The above is known as Empirical Risk Minimization (ERM). It is loss expecta-
tion with respect to empirical distribution.

v
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Sample Loss Functions

Assume:
e A probabilistic binary classifier as: p(y|x,0) = o(yn) = m%yn where
n = f(x;0) is logg odds and y € {—1,+1}.
We can define different loss functions as:
Name l(y;xn, 0)
Misclassification I(yn < 0)
NLL —log, p(yle, 8) = logy(1 4 €7¥7)
Hing loss max (0,1 —yn) = (1 —yn)+
Exp loss ey

IML-S04 Empirical Risk Minimization (ERM)



Sajjad Amini

Loss Value

a —— 0-1loss
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Figure: Loss functions for binary classification
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Section 4

Maximum a Posteriori (MAP) or Regularization
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Problem with MLE

Overfitting in MLE

Suppose the example of coin tossing with N = 3 where we observe 3 heads. Thus we
have:

~ N
O = ——> =1
™7 Ny + No

In this case, overfitting has occurred.

Regularization

Regularization is the process of designing and adding a penalty term to NLL (or
empirical risk) so as to control overfitting. Thus we have:

N
L(O; ) = [ Z Yy Tn, O

)| +AC(0)

where:
@ )\ > 0 is the regularization parameter

@ ('(0) is some form of complexity penalty
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From Regularization to MAP
Assume C'(0) = —logp(@) and A = 1. Then:

N
L£(6;1) = — [Z log p(y,|zn, 0) + logp(f))]

= —1og p(B{xn, Y, }1_1) + const

Thus minimizing the £(0;1) is equivalent to maximizing the posterior and we
have:

/B\map = argmin £(6;1)
6

Sajjad Amini IML-S04 Maximum a Posteriori (MAP) or Regularization



Suppose:
@ Y ~ Ber(0) representing coin toss (Y = 1 represents head)
e 6=pY =1)

° D:{y17"~7yN}

o p(f) = Beta(f|a,b) = % (Prior Distribution)

Compute é\map.

MAP for Bernolli Distribution

23]

14

ad Amini IML-S04 Maximum a Posteriori (MAP) or Regularization




MAP for Bernolli Distribution

Suppose:
@ Y ~ Ber(0) representing coin toss (Y = 1 represents head)
e 6=pY =1)

° D:{y17"~7yN}

o p(f) = Beta(f|a,b) = % (Prior Distribution)

Compute §ma,,.
N 3]
Bumap = argmin — log 11 p(wal6) — 10 p(6)

n=1

= (N1 +a—1)log(0) + (No + b — a)log(1l — 0)

. Ni+a-—-1
" Ni+No+a+b—2
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~ N1+a—1

0 =
ma
P Ni+No+a+b—2
— a=05b=05
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Figure: Probability density function for Beta distribution
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Regularization Parameter

Challenge in Selecting A

As we see before the regularized loss is defined as:

N
L(6;)) = [%Zl(yn;mnﬁ) +AC(8)

But how to Select A:
e Large value of A\ = Staying near prior (Underfitting)

e Small value of A = Focus on minimizing empirical risk (Ouverfitting)

Sajjad Amini IML-S04
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Selecting Regularization Parameter

Using Validation Set
Define Ry (0,D) = |D| > (wyyep Y5 x,0) + AC(0). Then we select A as:

e Partition data into two disjoint set Dyyain (training set) and Dyalia
(validation or development set). Usually we put 80% for training and 20%
for validation

e For each value of A compute: 5,\ (Dtrain) = argming Ry (6, Diyain)
o Compute the validation risk: R}’\al = Ro(g A(Dirain), Dvalid)

o Select: \* = argmin, RY

Fit the model to entire dataset: 8 = argming Ry« (6, D)

Small Size Dataset

If the size of dataset is small, leaving aside 20% for a validation set can result
in an unreliable estimate of the model parameters.
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Selecting Regularization Parameter

Using Cross-Validation
Define R»(0,D) = ﬁ > (wyyep (Y5 T, 0) + AC(0). Then we select A as:
e Split data into K folds.

e For each fold k£ € {1,..., K}, we train the model on all the folds but the
k-th, and test on the k-th. So we calculate:

K
Cross-validated risk: RSY £ Z Ro(6x(D_1), Dy

k=1

e Select: \* = Rf\jv

Fit the model to entire dataset: 8 = argming Ry+ (6, D)
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Avoid Overfitting

Model parameters (@) are learned in iterative optimization algorithm. In this
method, the optimization is stopped as signs of overfitting are observed.

Training and validation loss

®  Training loss

0.6 Validation loss

0 10 20 30 40 50
Epochs

Figure: Tracking overfitting through iterations




Avoid Overfitting

Using More Data

As the amount of data increases, the chance of overfitting (for a model of fixed
complexity) decreases (assuming the data contains suitably informative exam-
ples, and is not too redundant).
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Avoid Overfitting

truth = degree 2, model = degree 1 truth = degree 2, model = degree 2
20.0 20.0 —®— test
—*— train
175 175
15.0 15.0
L 125 —a— test L 125
g ) g
= 10.0 —>— train = 10.0
7.5 75
5.0 5.0 -\"'\>L
e
25 25] =T
0.0 T T y T T T T 0.0 u y ™ T T T T
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200

size of training set size of training set




Avoid Overfitting

truth = degree 2, model = degree 10

20.0

17.5

15.0

12.5

mse

10.0

7.5

—&— test

—*— train

Y e e
25 /*/
0.0

0 2 50 75 100 125
size of training set

150 175 200

mse

20.0

17.5

15.0

12.5

10.0

truth = degree 2, model = degree 20

—&— test

—*— train

%5 50 75 100 125 150 175
size of training set

200




Avoid Overfitting

Marginal Likelihood

Using Bayes rule, we can compute the posterior over parameters p(0|D) as:

_p@)p(D|6)  p(8)p(D|6)
p(6D) = p(D) [ p(6)p(D|6)d6’

p(D) in the denominator is called marginal likelihood since it is computed by
marginalizing over the unknown parameters 8. This can be interpreted as:

p(D) = Epe)[p(D|6)]

Bayes Model Averaging (BMA)

In Bayes Model Averaging, we compute the Posterior Predictive Distribution
over outputs given inputs by marginalizing out 6 parameters as:

p(ylz, D) = / p(y|z, 0)p(6D)d8
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Section 5

Bayesian Model Averaging
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Bayesian Model Averaging

Challenge

The possibility to compute posterior probability is one of the main challenges
for BMA. The solution is to use conjugate prior to likelihood function.

v

Bernoulli Likelihood - Beta Prior

Assume dataset samples are independent and identically distributed and comes
from Bernoulli distribution where § = P(Y = 1). Then:

o The likelihood is: p(D[0) = T2, 6N (1 — §)No
o M =N I(yn=1) and No = N I(yn = 0)
e Beta is conjugate prior to Bernoulli likelihood thus:
p(6) < 6%~1(1 — 0)P—1 = Beta(0|d, 3)

The posterior can be calculated as:

lI>

a+ N

B+ No

p(6D) = Beta(6]a, B), {

o O
(>
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sian Model Averaging

Bernoulli Likelihood - Beta Prior (Continue)

@ The parameters of the prior are called hyper-parameters

e Hyper-parameters play a role analogous to the sufficient statistics (Vg
and Ny); they are therefore often called pseudo counts.

@ The strength of the prior is controlled by N=é&+ B ; this is called the
equivalent sample size (analogous to N = Ny + Ny).
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Figure: Uniform and non-Uniform prior distribution for small dataset size
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resian Model Averaging

Ny:10, Ny:40 Y10-11 Ny:10, Ny:40 Y10-11
_ 14 3
71 —— prior Beta(1, 1) I'.‘.‘ 71 —— prior Beta(2, 2)
64 - likelihood Bernoulli I \ L2 64 - likelihood Bernoulli L2
—-— posterior Beta(41, 11) i Lo —-— posterior Beta(42, 12) Lo
EE iy EE
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Figure: Uniform and non-Uniform prior distribution for large dataset size
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Bernoulli Likelihood - Beta Prior (Continue)

We can use different point estimates (Plug-in approxzimation) as

-~ a+N;p—1
omap: o =
CM+N1—1+B+N0—1

~ N1
Opte = ——1

mle N1+N0

ép aAmle
G < N N
BLEBD]= - =X & +(1—A\) —L,
&+ f N

The posterior variance can show the uncertainty in our estimate and can be calculated as:

v[o|D] = b
(@+p8)2(@a+p+1)

IfN>a+ 5’, then the posterior variance can be simplified to:

V[9|D] ~ emle(lj\; emle)

d Amini
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ian Model Averaging

Bernoulli Likelihood - Beta Prior (Continue)

Using posterior predictive distribution we have:

1
p(y = 1|D) = / p(y = 116)p(6]D)db

+4

1
:/ 0Beta(0)a, B)d0 = E[0|D] =
0

[o5

Now compare these two cases:

o Plug-in approximation with p() = Beta(6|2,2) then
Py = 10map) = %
e Posterior predictive distribution with p(6) = Beta(f|1,1) then

_ _ Ni+1
p(y=1) = m N2
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Section 6

Approximate Posterior Inference
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Approximate Posterior Inference

Grid Approximation
Basis: Discretizing parameter space

e Partitioning the parameters space into finite set of possibilities, denoted
0:,...,0k

e Approximate the posterior using brute-force enumeration:

_ _ p(DI0:)pOr)  _ p(DI61)p(6y)
Ho= 0P p(D) > P(D|6k (B

Notes:
e Not scalable with respect to parameter vector dimension (Exponential
grow)
.
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Approximate Posterior Infer

Basis: Approximating posterior using MVN

@ Rewrite the posterior as:

p(OID) = Ze=®), {ZUZ ;(;)logp(e,D)

@ Approximate €(0) around its mode (@map) using Taylor expansion:
0) ~ ¢ 0 — Buap) T + = (0 — Bruap) TH(O — 0
€(0) = €(Omap) + ( map)” g + 5 ( map) " H ( map)

® g(Bmap) = 0 and we can compute H, thus: p(8|D) = N (6|0map, H™1)
Notes:

@ H is assumed to be diagonal

@ Not suitable for skewed posterior

@ Not suitable for constrained parameters
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Approximate Posterior Inference

Variational Approximation

Basis:

@ Assuming approximate posterior distribution comes from family Q,
denoted q

o Find ¢* as: ¢* = argmin,co D(q(8),p(0|D)) where:
e D is a discrepancy measure such as KL divergence
Notes:

e The approximation can be biased if due to the limitation ¢ € Q
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Approximate Posterior Inference

Markov Chain Monte Carlo (MCMC
Basis: Generating samples from posterior

o Generate samples 0° ~ p(0|D) efficiently without having to evaluate
normaization constant p(D)

o Evaluate posterior by:

1 S
a(0) ~ < > 66 -6°)
s=1

Notes:

e Low convergence speed
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