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We describe a method for analyzing a nonstationary stochastic process z(t), and utilize
it to study the fluctuations in the oil price. Evidence is presented that the fluctuations in the
returns y(t), defined as, y(t) = In{x(t+1)/x(t)}, where z(t) is the datum at time ¢, constitute
a Markov process, characterized by a Markov time scale t);. We compute the coefficients
of the Kramers-Moyal expansion for the probability distribution function P(y, t|yo,to), and
show that P(y, t|,yo, to) satisfies a Fokker-Planck equation, which is equivalent to a Langevin
equation for y(t). The Langevin equation provides quantitative predictions for the oil price
over Markov time scale t);. Also studied is the average frequency of positive-slope crossings,
vl = P(y; > a,y;_1 < «), for the returns y(t), where T'(a) = 1/} is the average waiting
time for observing y(f) = « again. The method described is applicable to a wide variety
of nonstationary stochastic processes which, unlike many of the previous methods, does not

require the data to have any scaling feature.
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Analyzing and characterizing nonstationary stochastic processes which fluctuate widely
and contain extended correlations has been a problem of fundamental interest for a long
time. Examples of such processes that occur in many natural and man-made phenomena
include various indicators of economic activities [1], such as the stock market, to fluctuations
in the porosity and permeability of porous materials [2], velocity fluctuations in turbulent
flows, and heartbeat dynamics [3]. We propose in this Rapid Communication a method for,
(1) generating a stationary process out of a nonstationary process; (2) analyzing the extent
and nature of the correlations in the resulting stationary process, and (3) constructing
effective stochastic continuum equations that not only reconstruct the process, but also
provide quantitative predictions for it over a period of time which is on the order of the
Markov time scale.

The method is based on application of Markov processes and development of a Langevin
equation for a time series y(t) which is constructed based on the original nonstationary
process z(t). The method, which is quite general, is used to analyze the fluctuations in the oil
price, although the method is applicable to other similar nonstationary stochastic processes.
Although the oil price is one of the most notorious nonstationary stochastic processes, we
show that the method that we describe can analyze its fluctuations in a meaningful manner,
and provide quantitative predictions for the price.

Figure 1 presents the daily fluctuations in the oil price z(¢) in the period 1998-2006 [4].
It is not difficult to show that the fluctuations do not constitute a stationary process, for
instance one can show that the variance of the signal in some window are not stable under
increasing the its window's size. Let us introduce the returns y(t) defined by, y(t) = In[x(t +
1)/z(t)]. The resulting series for y(¢) is shown in Fig. 2. It can be shown straightforwardly,
by measuring the average and variance of y(¢) in a moving window, that y(¢) is stationary.
We then computed the spectral density S(f) of y(¢) in order to check whether there are
long-range, and in particular nondecaying, correlations in y(t). The result, S(f) oc f? with

(3 ~ 0, indicated the absence of long-range, nondecaying correlation in y(t). Also according



to our calculation for Hurst exponent by Deterended fluctuation analysis (DFA) and rescaled
range analysis (R/S), the return can be considered as a stationary series [5-7]. Indeed Hurst
exponent of the return time series is H = 0.51 +0.2, therefore one concludes the return time
series is stationary signal.

The proposed method for analyzing the fluctuations in y(t) is then based on constructing
a Langevin equation for y(t). The construction of the Langevin equation is carried out in
two steps. Since long-range, nondecaying correlations are absent in y(t), but short-range
decaying correlations do exist, we first check whether the time series follows a Markov chain
[8-11], in which case we estimate its Markov time scale ¢, - the minimum time interval over
which the series can be considered as a Markov process. In general, complete characterization
of the statistical properties of stochastic fluctuations of y(t) requires evaluation of the joint
probability distribution function (PDF) P,(y1,t1;- - - ; Yn, t,) for an arbitrary n, the number
of the data points. If, however, y(t) is a Markov process, the n-point joint PDF P, can be
generated by the product of the conditional probabilities P(y;11, tit1|yi, t;), fori =1, n—
1. A necessary condition for a stochastic phenomenon to be a Markov process is that the

Chapman-Kolmogorov (CK) equation [12],

P(ya, talys, t1) = /dy3 P(ya, talys, t3) Pys, ts|ly1, t1) , (1)

should hold for any t3 in the interval ¢; < t3 < t5. One should check the validity of
the CK equation for different values of y; by comparing the directly-evaluated conditional

probability distributions P(ys, t2|y1,t1) with those calculated according to right side of Eq.

(1).
In what follows, we use the least squares method to determine the Markov time scale of

the y(t). If y(¢) be a Markov process then one finds

P(ys, ts|ya, to; y1, t1) = P(ys, ts|ya, t2). (2)

In order to determine the Markov time scale, we compare the three-point PDF with that ob-

tained on the basis of the Markov process. The joint three-point PDF, in terms of conditional
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probability functions, is given by P(ys, t3; ya, t2; y1,t1) = P(y3, t3|ye, t2; y1, t1) P(y2, t2; Y1, t1).

Using the properties of the Markov process and substituting in equation (2), we obtain

Purar(ys, tsi v, ta; y1, t1) = P(ys, ts|yz, ta) P(y2, ta; y1, ). (3)

In order to check the condition for the data being a Markov process, we must compute the
three-point jiont PDF through equation (2) and compare the result with equation (3). The
first step in this direction is to determine the quality of the fit through the least squares

fitting quantity x? defined by

Y= /dy3dy2d3/1 [P(ys, t35 Yo, 25 Y1, 1) — Prrar (s 133 Y2s t23 Y1, 1) ° /(03 joint + Ortar]  (4)

where 03 joint and o4, are the variances of P(ys, ts; Yo, ta; Y1, t1) and Pasar (s, t35 Y2, to; Y1, t1),
respectively. To compute the Markov time scale, we use the likelihood statistical analysis
[13]. In the absence of a prior constraint, the probability of the set of three-point joint PDFs

is given by a product of Gaussian functions:

pts —ty) =

1 [P(ys, t3; Y2, to; Y1, t1) — Poarar (Y3, t3; Yo, to; y1, t1)]?
exp [ ]

Y3,Y2,Y1 2 2
2 2 2 N
\/ (03 joint + Ohiar) 203 joint + OXrar)

()

This probability distribution must be normalized. Evidently, when, for a set of values
of the parameters, the x?v is minimum, the probability is maximum. Figure 3 shows the
normalized y?v as a function of the t3 — t;, where x?v = x?/N and N being the number of
degrees of freedom. The minimum value of x?v is =~ 0.6, corresponding to ty; = t53 —t; ~ 1
day. Figure 4 shows the likelihood function of the Markov time scale of the y(¢). Here we
have used the x? test to determine the Markov time scale. Using the method proposed in
[6-11,14-16], one can estimate the Markov time scale via direct check of CK equation. The
result is again t); ~ 1 day. However in x? method we can estimate the likelihood function
of the Markov time scale (see [17] for more details).

We next derive a stochastic equation that describes the fluctuations of y(t). Knowledge

of P(ya, talyr, t1) ( for Markov process) is sufficient for generating the entire statistics of the

b}



returns encoded in the n—point probability density, which satisfies a master equation. The
master equation is then put in the form of a Kramers-Moyal (KM) expansion:

Pl 10) = S5 D () Py oo o) )

The KM coefficients D*)(y, t) are defined in terms of the conditional moments M ®*)(y, t):

1
D(’“)(y,t) =5 Ahtrilo M®

1
MO = = / Ay (yf — y)* Py t + Aty t) . (7)

For a general stochastic process, all the KM coefficients may be nonzero. According to
Pawula’s theorem, however, the KM expansion may be truncated after the second term,
provided that the fourth-order coefficient D™ vanishes [12]. For our data, D™ ~ 1072D®)
where values of y(t) are measured in units of the maximum of the time series, ymax. Then
we can truncation the KM expansion. In that case, the KM expansion reduces to a Fokker-
Planck (FP) equation (i.e. the equation (4) with D®)(y,¢) = 0 for k > 3). We note that
the FP equation is equivalent to the following Langevin equation (using the Ito interpreta-

tion)[12,18]:

%y(t} = DW(y) + /DO (y) f(t), (8)

where f(t) is a random “force” with zero mean and Gaussian statistics, d-correlated in ¢,
e, (f(t)f(t)) =26(t—t'). Furthermore, Eq. (8) separates the deterministic and stochastic
components of the returns’ fluctuations in terms of the coefficients DM and D®. It turns
out that the resulting drift and diffusion coefficients, estimated directly from the data, are,
respectively, linear and quadratic functions of y, and are well-represented by the approxi-

mates,
DW(y) = -1.09y,

D@ (y) = 0.0033 — 0.003y + 0.716y> . (9)

Estimates of DM (y) and D®(y) become poor for large y and, thus, the uncertainty in the

estimates increases. Equation (8) enables us to reconstruct a time series for y(¢) which is
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similar to the original one in the statistical sense. In Fig. 2 the original and reconstructed
time series for y(t) are shown.

Next, we evaluate the precision of the reconstructed y(¢). This is done by reconstructing
the conditional PDF through the numerical solution of the FP equation for the conditional
PDF, which is much sensitive to the errors in D™ and D® [6-11, 18-21]. The solution of

the FP equation for small At is given by,
1

2,/ D@ (yg) At

—(y2 — y1 — DD (y) At)”
AD®) (y2) At

P(ys, t + Aty t) =

X exp l (10)

Equation (8) enables us to predict the probability of an “observation” ys at time ¢ + At, if
we know y; at time ¢. In Fig. 5 we show the computed conditional PDFs using the data,
and those using Eq. (10), for three values of y; with At = 1. To do more check we used
Kolmogorov-Smirnov test to compare the cumulative distribution function for the original
and reconstructed (i.e. eq.(10)) time series. With 1682 data we find the maximum difference
between two cumulative PDFs to be about 0.030. For Alpha levels %10, %5 and %1, we
find the critical values are 0.042, 0.046 and 0.056, respectively.

To make predictions, we use the definition of y(t) to write z(¢+ 1) in terms of z(¢). But,

since the reconstructed data have unit variance and zero mean, we have

(t + 1) = x(t) exp{oy [y(t) + 7]} , (11)

where ¢ and o, are the mean and standard deviations of y(¢). To use Eq. (11) to predict
x(t + 1), we need [z(t),y(t)]. We select three consecutive points in the series y(t) and
search for three consecutive points in the reconstructed series of y(t) that have the smallest
difference with the selected points. We consider the difference to be minimum if it is less
than 0.05ymayx (stricter rules are clearly possible). Wherever this happens is taken to be the
time ¢ which fixes [z(¢),y(¢)]. Shown in Fig. 1 are the actual data and the predictions for

some interval in the oil price x(t), beginning with ¢ ~ 2006 (blue).
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Finally, using the calculated drift and diffusion coefficients, we can compute the frequency
of the level-crossings at a given level « [22-24]. This quantity is given by, v = P(y; >
a,y;—1 < a), where v} is the number of positive-difference crossings of y(t), y(t) — 7 = «,
in the interval 7. The time scale T'(a) = 1/v is then the average time interval that one
should wait in order to observe the given y = « again. The frequency v has the following

expression in terms of joint and conditional PDF"s,

—/ / yzayz 1 dyzdyz 1

—/ / yz|yz 1) (yifl)dyidyifla (12)

where P(y;ly;—1) is given by Eq.  (10) with At = 1 and, P(y;.y = y) =
[N/D®]explf¢ dy’ DY (y')/DP ()], with N being a normalization constant. In Figs. 6
and 7, we present the computed level-crossing frequency and 7'(«), in units of data points
(days) over a time interval, for both the actual data set and the one reconstructed by Eq.
(11). The Maximum and minimum of y are 0.4 and —0.4, respectively.

In summary, a method has been described for analyzing a nonstationary stochastic pro-
cess in terms of a stationary one. In particular, we used the method to analyze the fluctua-
tions in the oil price. The method is based on a Kramers-Moyal expansion for the probability
P(y,t) of the returns y(¢), and construction of a Fokker-Planck equation for the conditional
probability P(y,t|yo, o) and a Langevin equation for y(t). The method is applicable to any
nonstationary stochastic process that contains no long-range, nondecaying correlations. The
method can predict the oil price over a period time on the order of an optimal time that, as
we described above, can be estimated from the data.

We would like to thank S. Movahed and D. Sornette for useful comments and discussions.
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FIG. 1. Daily fluctuations in the oil price [4]. The time lag is one day. Shown are a sample of
the actual daily oil prices (red) and the reconstructed data (blue), using the Langevin equation.

The inset shows the predicted range.
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FIG. 2. Comparison of the actual return data (red) and the reconstructed ones using the
corresponding Langevin equation (blue). For clarity of presentation the time series have been

shifted on the ¢t—axis.
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FIG. 3. The x? test for estimation of Markov time scale of the time series of the returns,

indicating that the Markov time scale ¢ is 1 day.
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FIG. 4. Relative likelihood function for the Markov time scale of the y(t) fluctuations, as a

1

function of t3 — t1.
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FIG. 5. Comparison of the directly-evaluated PDFs using the actual data, and the PDFs

obtained from Eq. (10). Values for y;, from left to right, are —0.1, 0.0, and 0.1 [measured in units

of Ymax(t)]. For better presentation, the PDFs have been shifted on the horizontal axis.

. 6. The level crossing v« for the returns time series.
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FIG. 7. The average waiting time for observing y(t) = « again.
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