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Continuous Compounding

A(t) = investment after time ¢ with
Interest added continuously.

A(t) = mi\»c



Corollary.

T he asset with value K at time 7' has
value equal to e "(T-H K at time t.



Corollary.

T he asset with value K at time 7' has
value equal to e "(T-H K at time t.

Quantity e "(T—-1) is the discount factor.



In the real world, all quantities vary with

time In random, unexpected ways.



In the real world, all quantities vary with

time In random, unexpected ways.

Hence an accurate modeling of financial

markets requires methods of stochastic
analysis.



Forward Contract

A contract between two parties by which
one party has the obligation to buy a spec-
ified asset, called underlying asset, at a
specified amount K, called exercise value,
at a specified time 7', called maturity date
from the other party, and the other party
has the obligation to buy.




Forward contract is a symmetric contract;
both sides are in similar situations. Hence
the value of the forward contract is zero.
T heoretically, one can enter a forward con-

tract without having to pay anything.



Forward contract is a symmetric contract;
both sides are Iin similar situations. Hence
the value of the forward contract iIs zero.
T heoretically, one can enter a forward con-

tract without having to pay anything.

Futures Contract
A formal forward contract traded under

supervision of a financial institution called

Exchange.



Forward and Futures Contracts
Risky trades for both sides:

S; := Price of underlying asset at time
t; a stochastic process for t > 0.

Each side has a potential gain and a po-
tential loss of |S;7 — K|, which can be quite
large.
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Call Option

A contract between two parties by which
one party, called option holder or party in
the long position, has the right, but not
the obligation, to buy a specified asset,
called the underlying asset, at a specified
amount K, called exercise value, at a spec-
ified time T, called expiration date, from
the other party.
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Call Option
If the holder decides to exercise his right,

then the other party, called option writer
or party in short position has the obligation
to sell the asset.
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Call Option
If the holder decides to exercise his right,
then the other party, called option writer

or party in short position has the obligation
to sell the asset.

With this contract, the holder insures him-
self against the large potential loss, but
still has a large potential gain.
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Put Option

A contract between two parties by which
one party, called option holder or party in
the long position, has the right, but not
the obligation, to sell a specified asset,

called the underlying asset, at a specified
amount K, called exercise value, at a spec-
ified time 7', called expiration date, from
the other party.
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Put Option
If the holder decides to exercise his right,
then the other party, called option writer

or party in short position has the obligation
to buy the asset.
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Put Option

If the holder decides to exercise his right,
then the other party, called option writer
or party in short position has the obligation
to buy the asset.

With this contract, the holder insures him-
self against the large potential loss, but
still has a large potential gain.
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Various types of Options include:
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Various types of Options include:

e European Option
« AMerican Option
e Bermudan Option

e Asian Option

e Russian Option
e Barrier Options
e EXxotic Options
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WwWhy would anyone want to be the writer
of an option~?
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WwWhy would anyone want to be the writer
of an option~?

The right possessed by the holder has
some value. The holder should pay this
value, called option premium, to enter a
option contract.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.

Put option is not exercised if S; > K.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.

Put option is not exercised if S; > K.

In case the option IS not exercised, the
writer will have gained the premium.
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Dynamics of asset price

dS; = a(St, t) dt

a(Stt) dt drift term
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Dynamics of asset price

dS; = a(St, t) dt + b(St, t) dWy

a(St,t) dt drift term

b(St, t) dW;  diffusion term
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Standard Wiener Process

A stochastic process {W;:t > 0} with the
properties:

QS\O =0

ot — W IS a continuous function of ¢
eindependent increments property
estationary increments property

oFOr every t > 0O:
Wi ~ Normal(0,t), Var Wy =1t
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Standard Wiener Process

Very important property: dW?2 = dt

- T 2 (T
an abbreviation for |’ dW7 =T = [  dt
which means

n—1

im E| | & A%s+H|:\svm|% =0

mn 0.9
— 0
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T he problem of valuation of call option
IS determining the option value process
Ct, and thereon the option premium (.
Q@ QAM?@V

Price of a Call Option at time ¢.
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dC; = Ct | 0C1 dsS;
ot 05t
192 192
10%Ct y2 4 19 ow%m
D 9t2 2 55
2
O°Ct ds; + - - -

ot 0S5y
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Lognormal Asset Price Model

dSt = uSy dt + oSy dWy
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Lognormal Asset Price Model

dSt = uSt dt + 0S¢ dWy

(1 Spdt + oSy dWy)?
u2S? dt? + 0287 dW7 4+ 2ucS7? dt dw;
o2 S7dt + o(dt)

dS?
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It0o’s formula for the Option Price

1 2
acy = % a4+ 99 g5, + 152577 Ct i
ot OSy 2 0.5
oC, 1 82C oC
= [T+ 2028527 T S| dt
ot = 2 0.5 05,
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Now we construct a risk-free portfolio:
1.
2.
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Now we construct a risk-free portfolio:
1. One unit of this call option
2.
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Now we construct a risk-free portfolio:
1. One unit of this call option
2. A units of the underlying asset
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Now we construct a risk-free portfolio:
1. One unit of this call option
2. A units of the underlying asset,

We select A such that this portfolio is
risk-free.
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Now we construct a risk-free portfolio:
1. One unit of this call option
2. A units of the underlying asset,

We select A such that this portfolio is
risk-free.

Value of this portfolio:

My =Cy + A 5S¢
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dl'ly

dCy + A dS

2 oC
oCi | qu@m@ ¢ - Sy
@.ﬁ M @%ﬁ @%@

0C _ v
ANoS: | dW,
+ A Qmﬁwmﬁ _ t
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di'ly = dCy + A dS
B A% F 7 g TSy, T A
0CY%
S F AoS V&S\ﬂ
|_|Ao. @Qmﬁ _ t
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di'ly = dCy + A dS;
0C: 1 5 50%Ct s 9C | mv&
”Amwnmqmﬂw@%ﬁw.tﬂ@m«_ Mot
0CY
S F AoS VQSQ
|_|A0. wmwm‘w_ t
o0C}
So A = ————
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dr,

dCy + A dS;
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dr,

dCy + A dS;
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dlly

dCy + A dS;

@Qﬁ | H M M@MQ@
| Si
ot 27 7t 952
rily dt
oC
T AQ@ St wv dt
0S¢

| a
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Black-Scholes Formulation

oC 1

Lps =+ ~0°S
BS = g9¢ T 27 Ptgsz T g,
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

. . . final condition .

. . . boundary condition .

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

. . . boundary condition .

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

C(0,t) =0

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1
Lpg = - =028

ot ' 2 "t os: 05y
QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

C(0,t) =0

C(S,t) ~S as § — oo
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BS Price of European Call

C(S;,t) = Sy N(d1)—K e "T=1) N(d5)

i i oo () 4 o) -

iy oo () -2 e
N(d) = [¢ e /2ds

V2r
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BS Price of European Call

C(S;,t) = e 115, N(dy)—K e Tt N(d5)

L 1 I St B W Mv B %
= |9 ANV Aﬂ a+507) (T =1)
. H [ m@ | B |W 2 .
w2+ -3 o

ZA&V — F\MNOO ®|MM\M&M
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Valuation of American Call

Q@ — QAMT wv

= Price of American call at time ¢
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Valuation of American Call

Q@ QAMT wv

Price of American call at time ¢

> payoff of European call with expiry t
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Valuation of American Call

Ct

QAMT wv

Price of American call at time ¢

> max (St — K,0)
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Valuation of American Call

And:

return from delta-hedged portfolio

< return from risk free bank account
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Valuation of American Call

For European Call: dlly = rll; dt
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Valuation of American Call

For European Call: dlly = rll; dt

For American Call: dIl; < rIl; dt
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Valuation of American Call

For European Call: Lgpq¢C; = O
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Valuation of American Call

For European Call: Lgpq¢C; = O

For American Call: Lgq¢C; < O
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Valuation of American Call

Cy > max (S;— K,0)

LpsCy < O
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Valuation of American Call

For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; < S¢(t) we have:
Cy > max (S5;— K,0) LpgCy = 0

67



Valuation of American Call
For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; < S¢(t) we have:
Cy > max (S5;— K,0) LpgCy = 0

In this case, the optimal policy at time ¢
IS to keep the option.
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Valuation of American Call

For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; > S¢(t) we have:
Cy = max (S — K,0) LpgCy < O
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Valuation of American Call
For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; > S¢(t) we have:
Cy = max (S — K,0) LpgCy < O

In this case, the optimal policy at time ¢
IS to exercise the option.
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Valuation of American Call
Function t — S¢(t) is the free boundary
function for this problem.
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Valuation of American Call

Function t — S¢(t) is the free boundary
function for this problem.

As a corollary the above arguments, it
has the important property:

oC}
8

|
 —

(S5, t)
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Valuation of American Call

Unknowns:
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Valuation of American Call

Unknowns:

value of the option (S, t)
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Valuation of American Call

Unknowns:
value of the option (S, t)

free boundary function S((t)
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0

Linear Complementarity Formulation

Advantage: 7
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0

Linear Complementarity Formulation

Advantage: No explicit free boundary
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Valuation of American Call

Black-Scholes equation:

oC 1 » ~0%C oC
| S F(r—¢q)S C=0
ot ' 27 “tasz (r=a)Styq =T
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
Black-Scholes equation:
~02C oC

8C 1 5
| S | —q)S C =
o T 27 g T =S =T
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Valuation of American Call

1
Change of variables: t=1T -4 7
2

O

S=Ke* C(S,t)=S— K+ Kc(z,7)

oc 02¢ oc
— = F(K —1)— —k
oT Ox2 - ( vw& c+ fx)

_T—4

ki=—— k=

o)

N|—

L f@) = (k= K)e" + &
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Valuation of American Call

1

Change of variables: =T — 4 7
2
O

S=Ke*, C(S,t)=S—- K+ Kc(z,T)
Free boundary in the new coordinates is
&ll related to m,\,,Qv via:
1
Sy A% — ﬂv = K exp A&iiv
)
O
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

Q@A@?NV > max AM@|Nva
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Valuation of American Call

1

Change of variables: =T -+ 7
2
o}

S=Ke* C(S,t)=S— K+ Kc(z,7)

Ci(S,t) > max (S — K,0)

'V

c(x, 1) max (e* —1,0)
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

C A%xﬁwvvwv = M,\,Qv — K
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
C A%xﬁwvvwv = M,\,Qv — K

c( xe(r), 7 )=0 = ......
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
C A%xﬁwvvwv = M,\,Qv — K

o(af(r)m)=0 = S(apr),r)=0
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Valuation of American Call

1
Change of variables: t=1T -4 7
~2

S=Ke* C(S,t)=S— K+ Kc(z,7)

oC

og, (51 1) =
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Valuation of American Call

1
Change of variables: t=1T -4 7
~2

S=Ke* C(S,t)=S— K+ Kc(z,7)

oC
dS;

oc
% AH,\,A\ﬂvu\ﬂv —

(S5():t) =
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Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

oc 02 ¢ oc
— = F(E —1)— —k
oT Ox2 - ( vw& c+ fx)
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

The only value of z;(0T) satisfying
c( 2;(01),07) =0 is the root of f.
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

f(z) = —(k—K)e* +k
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

f(z) = —(k—K)e* +k

z;(0T) = log PR

93



Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

ﬁ%o+v = log P
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Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

ﬁ%o+v = log r
q
_ T
M%AMJ v = log - K
q
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Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

ﬁ%o+v = log i
q
SHT™) = log - K % 4
q
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Valuation of American Call
Important Result:

An American option on an asset that
pays no dividends is effectively a Euro-
pean option since it i1s never optimal to
exercise. So it has the same value as the
corresponding European option.

—0

HNfl_uoo

M%AMJIV = log
q
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Computational Finance
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Computational Finance

o Deterministic Analysis
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Computational Finance

o Deterministic Analysis

e Stochastic Analysis
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Computational Finance

o Deterministic Analysis

e Stochastic Analysis

e Numerical Analysis

101



Various types of Options include:

e European Option

e American Option

e Bermudan Option
e Asian Option

e Russian Option

e Barrier Options

e EXxotic Options
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Various types of Options include:
e European Option

e American Option
« Bermudan Option
e ASsian Option

e Russian Option
e Barrier Options
e EXxotic Options
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Alternative way to show that American
call on an asset that pays no dividends is
never optimal to exercise:

Portfolio 1:

Portfolio 2.:
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Alternative way to show that American
call on an asset that pays no dividends is
never optimal to exercise:

Portfolio 1:

e Long position in an American call

Portfolio 2.:
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Alternative way to show that American
call on an asset that pays no dividends is
never optimal to exercise:

Portfolio 1:

e Long position in an American call

e Amount of cash equal to ¢ "(T-
Portfolio 2.:
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Alternative way to show that American
call on an asset that pays no dividends is
never optimal to exercise:

Portfolio 1:

e Long position in an American call

e Amount of cash equal to ¢ "(T-
Portfolio 2.:

e One unit of the underlying asset
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What is the value of American option on
an underlying asset that pays dividends?
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What is the value of American option on
an underlying asset that pays dividends?

What i1s the value of Bermudan option,
discretized version of American option~?
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