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Continuous Compounding

A(t) = investment after time ¢ with
Interest added continuously.

A(t) = mi\»c



Corollary.

T he asset with value K at time 7' has
value equal to e "(T-H K at time t.



Corollary.

T he asset with value K at time 7' has
value equal to e "(T-H K at time t.

Quantity e "(T—-1) is the discount factor.



In the real world, all quantities vary with

time In random, unexpected ways.



In the real world, all quantities vary with

time In random, unexpected ways.

Hence an accurate modeling of financial

markets requires methods of stochastic
analysis.



Call Option

A contract between two parties by which
one party, called option holder or party in
the long position, has the right, but not
the obligation, to buy a specified asset,
called the underlying asset, at a specified
amount K, called exercise value, at a spec-
ified time T, called expiration date, from
the other party.




Call Option
If the holder decides to exercise his right,

then the other party, called option writer
or party in short position has the obligation
to sell the asset.




Call Option
If the holder decides to exercise his right,
then the other party, called option writer

or party in short position has the obligation
to sell the asset.

With this contract, the holder insures him-
self against the large potential loss, but
still has a large potential gain.



Put Option

A contract between two parties by which
one party, called option holder or party in
the long position, has the right, but not
the obligation, to sell a specified asset,

called the underlying asset, at a specified
amount K, called exercise value, at a spec-
ified time 7', called expiration date, from
the other party.
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Put Option
If the holder decides to exercise his right,
then the other party, called option writer

or party in short position has the obligation
to buy the asset.
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Put Option

If the holder decides to exercise his right,
then the other party, called option writer
or party in short position has the obligation
to buy the asset.

With this contract, the holder insures him-
self against the large potential loss, but
still has a large potential gain.
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Various types of Options include:
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Various types of Options include:

e European Option
« AMerican Option
e Bermudan Option

e Asian Option

e Russian Option
e Barrier Options
e EXxotic Options
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WwWhy would anyone want to be the writer
of an option~?
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WwWhy would anyone want to be the writer
of an option~?

The right possessed by the holder has
some value. The holder should pay this
value, called option premium, to enter a
option contract.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.

Put option is not exercised if S; > K.
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WwWhy would anyone want to be the writer
of an option~?

Call option is not exercised if 5; < K.

Put option is not exercised if S; > K.

In case the option IS not exercised, the
writer will have gained the premium.
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Dynamics of asset price

dS; = a(St, t) dt

a(Stt) dt drift term

27



Dynamics of asset price

dS; = a(St, t) dt + b(St, t) dWy

a(St,t) dt drift term

b(St, t) dW;  diffusion term
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Standard Wiener Process

A stochastic process {W;:t > 0} with the
properties:

QS\O =0

ot — W IS a continuous function of ¢
eindependent increments property
estationary increments property

oFOr every t > 0O:
Wi ~ Normal(0,t), Var Wy =1t
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Standard Wiener Process

Very important property: dW?2 = dt

- T 2 (T
an abbreviation for |’ dW7 =T = [  dt
which means

n—1

im E| | & A%s+H|:\svm|% =0

mn 0.9
— 0
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T he problem of valuation of call option
IS determining the option value process
Ct, and thereon the option premium (.
Q@ QAM?@V

Price of a Call Option at time ¢.
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Black-Scholes Formulation

oC 1

Lps =+ ~0°S
BS = g9¢ T 27 Ptgsz T g,
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

. . . final condition .

. . . boundary condition .

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

. . . boundary condition .

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1 02C oC
| IQMMW 5 FrSt rC' =20
ot 2 OS; 0.5,

Lps =

QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

C(0,t) =0

. . . boundary condition .

\
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Black-Scholes Formulation

\ oC 1
Lpg = - =028

ot ' 2 "t os: 05y
QAMMJ MJv — _\SmXA%ﬂ — Nm‘u Ov

C(0,t) =0

C(S,t) ~S as § — oo
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BS Price of European Call

C(S;,t) = Sy N(d1)—K e "T=1) N(d5)

i i oo () 4 o) -

iy oo () -2 e
N(d) = [¢ e /2ds

V2r
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BS Price of European Call

C(S;,t) = e 115, N(dy)—K e Tt N(d5)

L 1 I St B W Mv B %
= |9 ANV Aﬂ a+507) (T =1)
. H [ m@ | B |W 2 .
w2+ -3 o

ZA&V — F\MNOO ®|MM\M&M
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Valuation of American Call

Q@ — QAMT wv

= Price of American call at time ¢
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Valuation of American Call

Q@ QAMT wv

Price of American call at time ¢

> payoff of European call with expiry t
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Valuation of American Call

Ct

QAMT wv

Price of American call at time ¢

> max (St — K,0)
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Valuation of American Call

And:

return from delta-hedged portfolio

< return from risk free bank account
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Valuation of American Call

For European Call: dlly = rll; dt
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Valuation of American Call

For European Call: dlly = rll; dt

For American Call: dIl; < rIl; dt
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Valuation of American Call

For European Call: Lgpq¢C; = O
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Valuation of American Call

For European Call: Lgpq¢C; = O

For American Call: Lgq¢C; < O
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Valuation of American Call

Cy > max (S;— K,0)

LpsCy < O

47



Valuation of American Call

For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; < S¢(t) we have:
Cy > max (S5;— K,0) LpgCy = 0
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Valuation of American Call
For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; < S¢(t) we have:
Cy > max (S5;— K,0) LpgCy = 0

In this case, the optimal policy at time ¢
IS to keep the option.
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Valuation of American Call

For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; > S¢(t) we have:
Cy = max (S — K,0) LpgCy < O
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Valuation of American Call
For every O < t < T there exists a free
boundary S¢(t) such that:

in case S; > S¢(t) we have:
Cy = max (S — K,0) LpgCy < O

In this case, the optimal policy at time ¢
IS to exercise the option.
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Valuation of American Call
Function t — S¢(t) is the free boundary
function for this problem.

52



Valuation of American Call

Function t — S¢(t) is the free boundary
function for this problem.

As a corollary the above arguments, it
has the important property:

oC}
8

|
 —

(S5, t)
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Valuation of American Call

Unknowns:
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Valuation of American Call

Unknowns:

value of the option (S, t)
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Valuation of American Call

Unknowns:
value of the option (S, t)

free boundary function S((t)
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0

Linear Complementarity Formulation

Advantage: 7
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Valuation of American Call

So for every O <t <T:

[ Gt —max(S;—K,0) | [ Lps Ct ] =0

Linear Complementarity Formulation

Advantage: No explicit free boundary
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Valuation of American Call

Black-Scholes equation:

oC 1 » ~0%C oC
| S F(r—¢q)S C=0
ot ' 27 “tasz (r=a)Styq =T
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
Black-Scholes equation:
~02C oC

8C 1 5
| S | —q)S C =
o T 27 g T =S =T
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Valuation of American Call

1
Change of variables: t=1T -4 7
2

O

S=Ke* C(S,t)=S— K+ Kc(z,7)

oc 02¢ oc
— = F(K —1)— —k
oT Ox2 - ( vw& c+ fx)

_T—4

ki=—— k=

o)

N|—

L f@) = (k= K)e" + &
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Valuation of American Call

1

Change of variables: =T — 4 7
2
O

S=Ke*, C(S,t)=S—- K+ Kc(z,T)
Free boundary in the new coordinates is
&ll related to m,\,,Qv via:
1
Sy A% — ﬂv = K exp A&iiv
)
O
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

Q@A@?NV > max AM@|Nva
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Valuation of American Call

1

Change of variables: =T -+ 7
2
o}

S=Ke* C(S,t)=S— K+ Kc(z,7)

Ci(S,t) > max (S — K,0)

'V

c(x, 1) max (e* —1,0)
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

C A%xﬁwvvwv = M,\,Qv — K
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
C A%xﬁwvvwv = M,\,Qv — K

c( xe(r), 7 )=0 = ......
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)
C A%xﬁwvvwv = M,\,Qv — K

o(af(r)m)=0 = S(apr),r)=0
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Valuation of American Call

1
Change of variables: t=1T -4 7
~2

S=Ke* C(S,t)=S— K+ Kc(z,7)

oC

og, (51 1) =
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Valuation of American Call

1
Change of variables: t=1T -4 7
~2

S=Ke* C(S,t)=S— K+ Kc(z,7)

oC
dS;

oc
% AH,\,A\ﬂvu\ﬂv —

(S5():t) =
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Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

oc 02 ¢ oc
— = F(E —1)— —k
oT Ox2 - ( vw& c+ fx)
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

The only value of z;(0T) satisfying
c( 2;(01),07) =0 is the root of f.
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Valuation of American Call

1

Change of variables: t=1T -4 7
~2
O

S=Ke* C(S,t)=S— K+ Kc(z,7)

f(@) = —(k—K)e® +k
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Valuation of American Call

1
Change of variables: t=1T -4 7
o2
S=Ke* C(S,t)=8—-K+ Kc(z, 1)

flz) = —(k—K)e* + k

ro — H.NQAOl_lv = log P
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For x near xq,

f(z) = f(zo) + f'(z0)(z — o)
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For x near xq,
f(x) = f(xo) + f'(z0)(z — z0)

f(z) = —(k—K)e® +k
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For x near xq,
f(x) = f(xo) + f'(z0)(z — z0)
flz) = —(k—K)e" + k

fl(z) = —(k — K')e”
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For x near xq,
f(x) = f(xo) + f'(z0)(z — z0)

f(z) = —(k—K)e® +k
fl(z) = —(k = K')e”

xo = log = ['(z0) = —k

k— Kk
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For x near zxq,
f(z) = f(zo0) + f'(z0)(z — z0)

f(@) = —(k—k)e" +k

fi(z) = —(k —K')e”
k
k— K

f(z) = —k(z — z0)

T = 109 = f'(zg) = —k

79



For z near zp, changes in function c(z, 7)
are rapid, so

02 ¢ S oc 02¢ N
vr b - C
Ox2 Ox 02
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For z near zp, changes in function c(z, 7)
are rapid, so

O2c¢ Oc O2¢

mmwuwvmm. mmwuwvm
Hence, for =z near zg, function ¢(x,7), the
local solution for x near xg, satisfies the

equation

9 53¢
T L(r —
ot Ox2 (& —20)
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Equation

9  02¢

= k(1 —

ot Ox2 (z = 20)
has a similarity solution ¢* in terms of a
variable of the form

T — TQ

(="

related to c via

c(z,7) = 7% c*(£)
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Free boundary function z,(r) takes the

form

pp(t) = zg+ &g 77

with &y a constant to be determined.
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Similarity Solution

c(x,7) = 1% c* (&)
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Similarity Solution

c(x,7) = 1% c* (&)

oc _
— a7 HO*

o =

~+ T

o, 0& dc*

or d¢&
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Similarity Solution

c(x,7) = 1% c* (&)

e = ar@ 1cf 4 1@ 08 dc
or or d¢&
m — L — X0 = m — |m

0 oT T
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Similarity Solution

c(x,7) = 1% c* (&)

@
ot

oc
ot

& b S
ar® lc* 4 1@ Ww. &nm
T — ZQ %3 BE

= 2=
0 oT T
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Similarity Solution

c(x,7) = 1% c* (&)
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Similarity Solution

c(x,7) = 1% c* (&)

oc o, 0€ dc*

— T

ox = Ox d¢

89



Similarity Solution

c(x,7) = 1% c* (&)

oc o, 0€ dc*

T

oz Or d&

__ T — 0
£ 5 =

m|u

Ox 18
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Similarity Solution

c(x, 1)

@
ox

oc
ox

T ¢ (€)

o, 0€ dc*

T

Ooxr d&

T — TQ

B

R R

3

m|H
Ox 78
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Similarity Solution

c(x,7) = 1% c* (&)
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Similarity Solution

c(x, 1)

@
ox

T ¢ (€)

ﬂQlQ &O*

d¢
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Similarity Solution

c(x,7) = 1% c* (&)

¢ _ _a-p dc
ox d§
0%c _ 0 Ammvlmm 0 A@m
02 9z \dz) Oz O¢ \Ox

|
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Similarity Solution

c(x,T)
oc
ox

Ox2

Ox2

= % &(¢)
_ ya—p 4

d§
0 Awmv _0¢ 0 Awm
9z \9x) Oz O¢ \Ox
_ ﬂQIMQ &MO*

de2

|
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Equation for c*:

a—30 &MO*
&mw

Fpgre TP

T
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Equation for c*:

T

_ 25 d2c* 0_1_p dc* a—1—8
a—30 &MM “Em\ﬂ HQ&M|O§. HQQ”W.M

Values of o and 5 for eliminating r:

\ 3
a—360=0 Q|M
1

2

,Q|H|Q“O @”
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Result. Changes of variable and function

T — TQ

— c(x, T = 73/2 ¢*
3 N (,7) (£)

transforms the PDE problem for c(x, )
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into the following ODE problem for c*:

( &M* 1 dc*
Co4 e 0 e
de2 2 7 dé 2

c*(§o) = O

dc*
&|mAmov =0

(&) ~—k§ as £ = —o0

99



The unknowns are the function ¢*(¢) and
the constant &j.
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The unknowns are the function ¢*(¢) and
the constant &j.

The free boundary function is of the form:

(1) = 20+ {oV/T
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Two linearly independent solutions of the
corresponding homogeneous equation

&M * 1 *
C “ m&o 3 S —0
dé2 2 7d¢ 2

dare

Ap(8) =&+ 6¢
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Two linearly independent solutions of the
corresponding homogeneous equation

&M * 1 *
C “ m&o 3 S —0
dé2 2 7d¢ 2

are

5n(€) = (€ +6¢) [C e/ s
+(2+4)e /4
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A particular solution of the equation

IS
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A particular solution of the equation

IS
cp(&) = —k¢
General solution:

™ (&) = Ac1p (&) + Bcop(8) — k¢
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General solution:

™ (&) = Ac1p (&) + Bcop(§) — k¢
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General solution:

™ (&) = Ac1p (&) + Bcop(§) — k¢

(&) ~ —kf as € - —o0
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General solution:

™ (&) = Ac1p (&) + Bcop(§) — k¢

c (&) ~ —kf as € — —oo

c;1(§) - —oc0 as £ - —
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General solution:

™ (&) = Ac1p (&) + Bcop(§) — k¢

c (&) ~ —kf as € — —oo
c;1(§) - —oc0 as £ - —

c;o(§) -0 as £ -+ —oo
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General solution:

™ (&) = Ac1p (&) + Bcop(§) — k¢

\

c (&) ~ —kf as € - —oo
c;1(§) - —oc0 as £ - —

c;o(§) -0 as £ - —oo

= A=0
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Solution: ¢*(§) = Bce5,(€) — k&
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Solution: ¢*(§) = Bce5,(€) — k&

c*(€0) = 0 = Bcop(€o) = ko
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Solution: ¢*(§) = Bce5,(€) — k&

c*(€0) = 0 = Bcop(€o) = ko

oc” .\ dBChp e \ _
oe (o) =0 = : (§o) =k
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Solution: ¢*(§) = Bce5,(€) — k&

c*(€0) = 0 = Bcop(€o) = ko

oc” .\ dBChp e \ _
oe (o) =0 = : (§o) =k

mﬁm\s
23

co5n(€0) = &o ’ (£o0)
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5n(€) = (€ +6¢) [C e/ s
+ (2 +4)e 6/
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5n(€) = (€ +6¢) [C e/ s
+ (2 +4)e 6/

Beap,
0g

cop(€0) = o i (£o0)
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5n(€) = (€ +6¢) [C e/ s
+ (2 +4)e 6/

Beap,
0g

cop(€0) = o i (£o0)

¢3 mmo\p\mo o—5°/A g, — mAw MOV
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It can be shown that the transcendental
equation

mo mmo\h \mo I%\A&m = 2 AM MOV

has a unique solution ¢&;5; the Universal

Constant of American Option Pricing.
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It can be shown that the transcendental
equation

mo e56/4 \mo e 5 /4ds = 2 AM MOV

has a unique solution ¢5; the Universal
Constant of American Option Pricing.

Numerical solution gives ¢p~ 0.9034 .
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The free boundary function:

(1) = x0 + EoVT
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The free boundary function:

(1) = x0 + EoVT

Q\v

&Zia_oa Av ._.o.oowhz\ﬂ
q
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The free boundary function:

(1) = x0 + EoVT

X

r¢(r) ~ log 3 + 0.9034 /7

q

Kew (a5 )|

S¢(t)
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The free boundary function:

(1) = x0 + EoVT

Q\v

&Zia_oa Av ._.o.oowhz\ﬂ
q

Se(t) = K mxoﬁgxﬁﬁlﬁvv

o2

T —1
Sp(t) = MN mx_oﬂ 0.9034 ¥~ v
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Various types of Options include:

e European Option

e American Option

e Bermudan Option
e Asian Option

e Russian Option

e Barrier Options

e EXxotic Options
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Various types of Options include:
e European Option

e American Option
« Bermudan Option
e ASsian Option

e Russian Option
e Barrier Options
e EXxotic Options
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What is the relation between £y and value
of American put option?
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What is the relation between £y and value
of American put option?

What are differences in pricing American
calls and American puts?
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What is the relation between £y and value

of American put option?

What are differences in pricing American
calls and American puts?

What i1s the value of Bermudan option,
discretized version of American option~?
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