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Coarsening dynamics of dewetting nanodroplets on chemically patterned substrates
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Mesoscopic hydrodynamic equations are solved to investigate coarsening dynamics of two interacting
nanodroplets on chemically patterned substrates. The effects of different parameters such as the surface chemical
pattern, the slip length, the profile of the disjoining pressure, the size of the droplets, and the contact angles
on the coarsening are studied. Our results reveal that the presence of a chemical heterogeneity can enhance or
weaken the coarsening dynamics depending on the pattern type and positions of the droplets on the substrate.
Also increasing the contact angles to values larger than a critical value may qualitatively change the coarsening
process, and the profile of the disjoining pressure and the slippage can appreciably modify the coarsening rate.
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I. INTRODUCTION

Thin liquid films on solid substrates have been subject of
many investigations as they may be relevant in widespread
natural and technological applications such as eye irrigation,
biological cell interaction, tertiary oil recovery, coating,
lubrication, integrated circuits, and micro- and nanoelectronic
devices, to name just a few. It is well known that thin
liquid films are not always stable. It is possible to cover
a nonwetting surface with a thin layer of a liquid using
conventional techniques such as spin coating, dip coating,
or spraying. However, through dynamical processes so-called
dewetting gradually deforms the layer and ultimately it attains
its equilibrium configuration. As this process is very common
in industrial applications it has attracted much scientific and
technological interest and is studied both experimentally and
theoretically for different materials such as polymer [1–8],
liquid crystals [9–11], and liquid metals [12].

In the early stages of the dewetting a pattern of isolated
droplets is formed [13–15]. The structure and shape of these
droplets have been studied and discussed in Refs. [16,17].
The resultant array of droplets is not stable itself and starts
to evolve in a long-time-scale process called coarsening.
Such coarsening is observed in many physical systems and is
generally a type of pattern formation in which the characteristic
length scale between features (here the droplets) increases
while the total number of features decreases. The dynamics
of coarsening is driven by the reduction of the total energy
of system. This process is well studied in the context of
phase separation of binary alloys described by the Cahn-
Hilliard equation [18–20]. In the context of thin liquid films,
coarsening leads to fewer and larger droplets and is due to two
mechanisms, namely, collapse and collision. The collapse is
based on the mass exchange from smaller to larger droplets.
The collision relies on the displacement of droplets over the
substrate and merging the droplets into a larger droplet.

Recently, the coarsening dynamics of droplets has become
the focus of extensive theoretical and numerical investigations.
Glasner and Witelski derived a reduced model based on
asymptotic methods to predict the rate of coarsening for
a large number of droplets [21]. They obtained a set of
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ordinary equations for mass and position of the droplets
representing the long-time coarsening dynamics of droplets.
They also determined the regimes where each of the coarsening
mechanisms are dominant [22]. It has been proven analytically
that there is an upper bound for the coarsening rate in a
time-averaged sense [23]. The results obtained in Ref. [21]
can be confirmed by this analytic upper bound and also can
be compared with some experimental results [24,25]. The
role of physical effects, such as gravity and slippage, on the
coarsening dynamics has been already discussed [26,27]. It is
shown that the coarsening rate for larger droplets decreases
in the presence of gravity while the smaller droplets remain
mostly unaffected. Increase of the slippage beyond a critical
value could change the occurrence of the collapse and the
collision mechanisms and direction of droplet migration.

Two dominant physical factors involved in the dynamics
of this problem are intermolecular interactions between the
thin liquid layer and the solid substrate and the surface tension
[28]. The combined effects of all intermolecular interactions,
both attractive and repulsive, could be summarized in an
intermolecular potential. There is a discussion about a class
of physically reasonable choices of intermolecular potential in
the literature [17]. In Ref. [21], some necessary properties of
potential energy considered for the coarsening problem have
been mentioned. Intermolecular interactions play an important
role in removing the singularity associated with contact line
movement. A moving contact line coupled with a no-slip
condition on the liquid-solid interface results in a multivalued
velocity field. One way to remove this singularity is to weaken
the no-slip boundary condition via a slip condition. Another
proposed way is to incorporate the effect of long-range van
der Waals forces between the liquid and the solid [29,30].

In the present study we consider two nanodroplets on a flat
substrate as depicted in Fig. 1 and investigate the effect of
different parameters on the droplet coarsening. For numerical
reasons we restrict our study to two-dimensional droplets.
Such droplets have been experimentally studied in Ref. [31].
Most of the studies for the coarsening dynamics are based
on solving the thin-film-evolution equations in the lubrication
approximation by incorporating the disjoining pressure (DJP)
[32–35]. Lubrication models use the long-wave approxima-
tion, which does not work for the cases with large contact
angles. In order to perform a thorough study and consider all
ranges of the contact angles we rather apply the boundary
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FIG. 1. (Color online) Two droplets placed on a homogeneous
surface. The distance between the droplets is d and the sizes of the
larger and the smaller droplet are equal to a1 and a2, respectively.
The initial radius and height of the drops are assumed to be equal to
facilitate achieving the equilibrium.

integral method to solve the equations of motion. Very close
agreement between the results of this method and those of the
lubrication models has been already obtained for small contact
angles [36]. Details of the governing equations and a modified
version of the boundary integral method that is used in the
present study will be discussed in the following section.

II. GOVERNING EQUATIONS AND BOUNDARY
CONDITIONS

At the small-Reynolds-number limit, where viscous forces
are much larger than inertial forces, the fluid behavior can be
simply described by the following equations:

∇ · U = 0, (1)

∇ · γ = −∇P + μ∇2U = 0, (2)

where U represents the velocity vector and γij = −Pδij +
μ(Ui,j + Uj,i), where P stands for the pressure, δij is the
Kronecker symbol, and μ denotes the dynamic viscosity of
the liquid.

The problem may be converted to a nondimensional form
by scaling the lengths with b, which is the equilibrium wetting
film thickness, velocity with Ab/μ, where A is a material-
dependent parameter, and pressure with σ/b, where σ stands
for the surface tension. The dimensionless time is given in
units of μ/A [37].

By introducing the stream function ψ (∂ψ/∂y = ux ,
∂ψ/∂x = −uy) and vorticity ω (ω = ∂ux/∂y − ∂uy/∂x) in
terms of dimensionless velocity u(ux,uy), the governing
equations can be reformulated as [38]

∇2ψ = ω, (3)

∇2ω = 0, (4)

or, equivalently, from the above set of equations, one can show
that ∇4ψ = 0.

The boundary of the systems under study can be classified
into three different groups: those which are in contact with
the walls, those which are located at the ends of the system,
and those that construct the fluid-vapor interface. For the
first type, based on the absence or presence of the slip, we
would have no slip (ψ = 0 and ψn = 0) or a slip boundary
condition (ψ = 0 and ψn = −βψnn), respectively, where β

represents the slip length. It is worth noting that the contact
angle size can affect the slip length [39]. However, in our
study we have avoided such complexities and the slip length

has been considered constant for all the contact angle ranges.
In order to guarantee mass conservation in the system a no-flux
boundary condition is considered for the ends. The slope of
the interface is also supposed to be zero at the ends of the
film. These conditions can be manipulated by setting ψ = 0
and ω = 0. At the interface there is no specific value for the
unknown variables but the variables can be linked to each other
using the fact that the tangential stress on the free surface is
zero, i.e., σijni tj = 0, where σij is the stress tensor and t
and n represent the tangential and normal unit vectors along
the interface, respectively, and normal stresses σijninj are
balanced by the DJP and the surface tension. The procedure
yields the following:

ω = 2ψss − 2κψn, (5)

ωn = −2ψnss + 2κψss + 2κsψss − κs + 


C̃
, (6)

where s is the arc length derivative and κ stands for the
curvature and may be calculated from

κ = yssxs − xssys(
x2

s + y2
s

)3/2 . (7)

The parameter C̃ is a scaling factor and the time is scaled with
μb/(C̃σ ) [37]. In order to simplify the comparisons, we simply
consider C̃ in Eq. (6) equal to a constant value (3 in this study)
for all the substrates considered in the subsequent sections
(homogeneous and heterogeneous). 
 is the DJP and is defined
as the derivative of the intermolecular potential energy. There
are many reasonable choices of intermolecular potential and
DJP used in the literature [17]. In this work, the chosen DJP
has the following form:


(x,y) = C(x)

(
1

y9
∓ 1

y3
+ B

y4

)
. (8)

This profile of the DJP is derived from Lennard-Jones-type pair
potentials [37]. The parameter C is a dimensionless amplitude
which compares the strength of the effective intermolecular
and surface tension forces. For chemical substrates C is a
function of x. The parameter B controls the shape of the DJP.
Depending on the sign of long-range term (minus or plus)
in Eq. (8), the system can exhibit a different dynamics [37].
We refer to these cases as the minus and the plus cases,
respectively. The equilibrium contact angle at any location
is defined as the following:

cos θeq = 1 +
∫ ∞

y0


(y) dy, (9)

where y0 stands for the precursor film thickness [
(y0) = 0]
[37].

III. NUMERICAL ALGORITHM

The boundary integral method is a capturing method [40]
that has been given attention in the literature. It has been used
to study liquid films in fractures [41], spreading of a blob of
fluid [42], free surface flow with a moving contact line [43],
evolution of droplets on inclined surfaces [44], and motion of
nanodroplets over structured substrates [37].
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FIG. 2. (Color online) Some explanations about the boundary
integral method used for the study. The elements are linear; that is,
the nodes are at the ends of the elements and variables change linearly
along the element. p can be any point within the system and q can be
any point on the boundary S, and θ is the internal angle for boundary
points.

Most of the efforts have been performed using constant
elements, in which all the variables are assumed to be the
same all over the element. Although this representation of the
boundary can be considered the simplest possible method of
describing the boundary, its characteristics may be useful for
avoiding some physical complexities. For instance, it can be
used to tackle the singularity that appears at the contact line,
the so-called numerical slip technique [43]. A more realistic
boundary representation may be obtained by assuming that
the nodes are at the ends of the elements and variables change
linearly along the element. At any point χ along element i (see
Fig. 2) the variables can be obtained in terms of their nodal
values through introducing two shape functions. For example,
along the element i for variable ψ we have

ψ(χ ) = ζiψi + ζi+1ψi+1, (10)

where ζi = χ and ζi+1 = 1 − χ . The boundary integral
method for free surface flow has been described in detail
in Ref. [38] but by including linear elements [45] it can be
briefly explained as follows: By implementing Green’s second
identity for the harmonic function ω and a specific function φ

such that ∇2φ = δ(| �p − �q|), where p can be any point within
the system and q can be any point on the boundary S (see
Fig. 2), one may write

η( �p)ω( �p) =
∫

S

[ω( �q)φn( �p,�q) − ωn(�q)φ( �p,�q)] ds. (11)

Here η(p) = τ/2π , where τ is the internal angle for boundary
points (see Fig. 2) and φ = ln | �p − �q|/(2π ). For the case of
internal and external points, θ is equal to 1 and 0, respectively.
Equivalently, applying the Rayleigh-Green identity for a
biharmonic function ψ and a particular function λ, ∇4λ =
δ(| �p − �q|), leads to

η( �p)ψ( �p) =
∫

S

[ψ(�q)φn( �p,�q) − ψn(�q)φ( �p,�q)

+ω(�q)λn( �p,�q) − ωn(�q)λ( �p,�q)] ds, (12)

where λ = | �p − �q|2[ln | �p − �q| − 1]/(8π ). With the help of
Eq. (10) and introducing

Hij = 1

2π

(∫
Sj

ζjφn( �p,�q)dq +
∫

Sj−1

ζj−1φn( �p,�q)ds

)

−η(p)δij , (13)

Gij = 1

2π

(∫
Sj

ζjφ( �p,�q)ds +
∫

Sj−1

ζj−1φ( �p,�q)ds

)
, (14)

Lij = 1

8π

(∫
Sj

ζjλn( �p,�q)ds +
∫

Sj−1

ζj−1λn( �p,�q)ds

)
, (15)

Kij = 1

8π

(∫
Sj

ζjλ( �p,�q)ds +
∫

Sj−1

ζj−1λ( �p,�q)ds

)
, (16)

Eqs. (11) and (12) may be represented in the form of a system
of algebraic equations:

Hijωj + Gijωnj
= 0, (17)

Hijψj + Gijψnj
+ Lijωj + Kijωnj

= 0. (18)

Equations (17) and (18) for N considered points provide 2N

equations and 4N unknowns, namely, four variables per point
(ω, ωn, ψ , and ψn). Therefore, two of the variables per point
should be known or at least should be identified in terms of
the remaining variables. By finding ψ and ψn along the free
surface one can obtain the tangential and normal velocities
and from those one can calculate new positions via the Euler
approximation

r(t + �t) = r(t) + u(t)�t. (19)

IV. RESULTS

In order to provide the basic information for the sub-
sequent considerations, we first consider the coarsening of
nanodroplets on homogeneous substrates. Then, we extend
our study to cases with chemically patterned surfaces in the
subsequent sections. In order to reduce the computational
efforts, analogous to the previous study [46], we consider the
size of the larger droplet to be twice the size of the smaller
droplet.

For the initial condition of this dynamics, the droplet shape
is specified. To start with a profile reasonably close to the
relaxed droplet profile, we consider a parabolic profile that
is centered about x = x and is smoothly connected to the
ultra-thin film (UTF), that is,

y(x,t = 0) = y0 + a

[
1 −

( |x − x|
a

)2
]|x−x|m+1

, (20)

with the droplet height a in the center being equal to half
the base width. The initial dimensions of the droplets were
considered to be close to the equilibrium values to remove the
initial relaxation effect on the dynamics. Most of our cases are
simulated at high contact angles and in this range of angles,
droplets with equal radii and heights achieve equilibrium
faster [47]. In this study, we choose m, which determines the
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smoothness of the transition region from the drop to the UTF,
to be 10.

In order to study the dynamics, we obtain the evolution
of the mass and position of the droplets during the process.
As the simulation is two dimensional, the surface area of the
droplets, with the assumption of constant density, is used to
measure the mass of the droplets. The position of the droplets
is determined by obtaining their center of mass in the lateral
direction (x axis). The following equations define the surface
area (mass) and the center of mass of the droplets, respectively:

Mi =
∫

Si

dA, (21)

Xi =
∫
Si

XdA∫
Si

dA
, (22)

where Mi andXi represent the mass and position, respectively,
of the smaller (i = s) or the larger (i = l) droplet and Si is the
surface area occupied by each droplet.

A. Coarsening on homogeneous substrates

In this section we consider two droplets on a flat ho-
mogeneous substrate and investigate the effect of different
parameters such as the droplet distance, the size of the contact

angle, and the shape of the profile of the DJP. This step
is constructive before considering the chemically patterned
substrates because the previous research efforts on droplet
coarsening have involved using lubrication theory, which is
valid for small contact angles and it is not clear whether
the behavior of the system changes qualitatively at large
contact angles. A homogeneous substrate can be viewed
as a chemically patterned substrate with constitutive media
occupied by the same material. The results will help us to
explain the behavior of systems with chemical heterogeneities.

1. Droplet distance

By considering the models derived in Refs. [21,27], it
can be concluded that the mass flux between the droplets
changes with the distance between the droplets. Close-together
droplets exchange mass and evolve faster than droplets that are
far from each other. In order to provide further information,
two droplets depicted in Fig. 1 are considered with different
distances (d). In the case of two droplets, because both of
the droplets migrate in the same direction, a collision is not
possible and coarsening occurs due to the collapse mechanism.
The smaller droplet loses mass at the expense of the larger one
growing until it vanishes completely. Figure 3 compares the
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FIG. 3. (Color online) The effect of droplet distance on the coarsening dynamics. Droplets are located on a homogeneous surface with
θeq = 120◦. Collapse of the smaller droplet (a), migration of the smaller droplet (b), growth of the larger droplet (c), and migration of the larger
droplet (d) are compared for various distances. By increasing the distance, the collapse time increases. For all the considered cases a1 = 10,
a2 = 5, and B = 0.
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FIG. 4. (Color online) The collapse time vs droplet distance. tc
represents the time required for the smaller droplet to vanish and d is
the droplet distance. The small circles are the numerical results and,
as can be seen, the coarsening time increases linearly with distance.
For all the considered cases a1 = 10, a2 = 5, and B = 0.

collapse, growth, and migration of the droplets for different
distances. In Fig. 3 and all the following figures Mi and Xi ,
where the subscript i can refer to the smaller (s) or the larger
(l) droplet, represent the mass and position of the center of
mass of droplet i, respectively. It takes a longer time for the
smaller droplet to vanish completely as the distance increases.
This can be explained using the fact that when the droplets are
closer, the pressure gradient between them becomes larger.
Assuming a constant pressure difference between the two
droplets (by fixing their size), we can conclude that the
pressure gradient increases when the distance between the
droplets decreases. Larger pressure gradients are associated
with larger mass fluxes between the droplets and, thus, a faster
coarsening process. Figure 4 shows the collapse time tc as a
function of droplet distance d. It is evident from this figure
that the time required for the coarsening process is linearly
proportional to the distance between the droplets. This is in

agreement with theoretical results of Ref. [48] that the flow rate
in the films, Q, is proportional to the gradient of the pressure:
Q ∝ �P/d. It should be noted that the results presented here
for the distance between droplets is valid when the collapse
mechanism of coarsening dominates. The range of distances
considered is large enough to prevent the collision of droplets.
If the initial distance between the droplets approaches zero,
collision is likely to occur and the behavior of the system
changes substantially.

2. The contact angle and the profile of the disjoining pressure

We considered various contact angles ranging from low
(similar to previous studies) to very large contact angles.
Interestingly, we found that a transition occurs in the direction
of migration of droplets when the contact angle exceeds a
critical value. A similar behavior has already been reported
for the case of a slip boundary condition [27]. For cases
with a contact angle less than the critical value, the droplets
migrate in the opposite direction of the mass flux, as was
analytically derived in Ref. [46]. However, our results reveal
that, when the contact angle is greater than the critical value,
the droplets move in the direction of mass flux. This transition
is illustrated in Fig. 5. For the system and conditions considered
here (B = 0 and no-slip condition) the critical contact angle
is about θeq = 75.1◦ for which the droplets remain stationary
during the coarsening. Figure 6 explains a method to find
the overall droplet movement changes for the larger droplet,
�Xl = Xl2 − Xl1, due to the coarsening versus the contact
angle. As can be seen, the larger droplet travels a greater
distance as the contact angle increases and the rate is constant.
Figure 6 also shows the change of the coarsening time as
a function of the contact angle. The time decreases but the
behavior is not linear, although the deviation is small.

As mentioned in Sec. II, two adjustable parameters of the
DJP, namely, B and C, characterize the wetting properties of
the substrate. For a specific θeq on a flat substrate, one can
find a one-parameter family of pairs (B,C). Nanodroplets on
substrates with the same contact angle but with various values
of (B,C) assume shapes which differ mainly in the vicinity
of the three-phase contact line but are similar in the apex
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FIG. 5. (Color online) The effect of the contact angle size on the coarsening dynamics. Droplets are located on a homogeneous surface.
Collapse of the smaller droplet (a) and migration of the larger droplet (b) are compared for various contact angles. As can be seen, for contact
angles larger than θeq = 75.1◦ the direction of migration changes. For all the considered cases a1 = 10, a2 = 5, d = 5, and B = 0.
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FIG. 6. (Color online) The larger droplet overall migration and
smaller drop collapse time vs the surface contact angle. The small
circles represent the numerical results. It is seen that there is a change
in the migration direction at θeq = 75.1◦. For all the considered cases
a1 = 10, a2 = 5, d = 5. and B = 0.

region [37]. Figure 7 illustrates results for several values of B

and C in which the contact angle is kept fixed. (B,C) values
for the minus case are (−1,1.9) with y0 = 0.88, (0,4.0) with
y0 = 1, and (1,11.63) with y0 = 1.3, and for the plus case
the values are (−2.5,6.38) with y0 = 0.91 and (−4,1.39) with
y0 = 0.79. The values of B and C are chosen such that in all
cases θeq = 120◦. As can be seen the film thickness play an
important role in determining the coarsening rate. It is shown
that for the same pressure gradients the flow rate through the
film is proportional to the cube of the film thickness, yf ≈ y0,
i.e., Q ∝ y3

f [48], and this may explain why, for the cases
with larger film thickness, coarsening occurs faster. For the
minus cases (B = 0, 1) the overall coarsening time is less
than for the plus cases, which could be related to the film
thickness parameter. Also it is seen that the droplets move
faster in these minus cases. For the minus case B = −1, the
film thickness is slightly less than that of the plus case with
B = −2.5 but the coarsening rate is slightly larger than for the

plus case. Although the coarsening rate is larger, the droplets
move slower than in the plus case. This indicates that, for the
cases with a slight difference in the film thickness, the effect
of other parameters such as the form of the DJP profile (see
Ref. [37]) should be considered.

B. Coarsening on substrates with chemical heterogeneities

On the nanoscale most surfaces are heterogeneous. These
heterogeneities could appreciably change the dynamics of
dewetting. There are various recent investigations that have
considered the effects of chemical heterogeneities on the early
stages of dewetting [49,50]. However, their effects on the final
stages of dewetting have not been understood yet. Thus, it is
necessary to analyze the coarsening dynamics in the presence
of the heterogeneities. In this section, we consider different
chemical patterns for the substrates and investigate how they
affect the dynamics.

1. Substrates with a favorable chemical gradient

We suppose that there is a wettability gradient in the
direction of droplet migration. In other words, the droplets are
forced to move in the same direction as the mass flux induced
by the coarsening process. This gradient is constructed by
changing the contact angle along the solid substrate. Since
the direction of migration of the droplets may change by
increasing the contact angle, this definition should be carefully
considered. The contact angle in a specific position x is
given by

θ (x) = θmax ∓ α(x − xm), (23)

where θmax is the maximum contact angle provided at x = xm

and α is the size of the gradient |�θ/�x|. The minus (plus)
sign should be considered when the contact angle is smaller
(larger) than the critical contact angle. By changing the pa-
rameters, we can construct substrates with different gradients.
Figure 8(I) represents the results for different gradient sizes.
The chosen values for α and θmax are such that the contact angle
always remains above the critical contact angle and, therefore,
the droplets move in the direction of the mass flux. It is evident
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FIG. 7. (Color online) The effect of the disjoining pressure parameters B and C on the coarsening dynamics. Droplets are located on a
homogeneous surface. Collapse of the smaller droplet (a) and migration of the larger droplet (b) are compared for various parameters of DJP.
The values of B and C are chosen such that in all cases θeq = 120◦. (B,C) values for the minus case are (−1,1.9), (0,4.0), and (1,11.63) and
for the plus case they are (−2.5,6.38) and (−4,1.39). For all the considered cases a1 = 10, a2 = 5, and d = 5.
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FIG. 8. (Color online) The effect of favorable (I) and unfavorable (II) wettability gradient on the coarsening dynamics. α is the gradient
size used to define wettability as θ (x) = [110 + α(x − 100)]◦ (I) and θ (x) = [110 − αx]◦ (II). Collapse of smaller droplet (a) and migration
of larger droplet (b) are compared for various gradient sizes. For all the considered cases a1 = 10, a2 = 5, d = 5, and B = 0.

that, by increasing the gradient size α, the required time for the
coarsening process increases. It is shown that larger droplets
have greater velocities on chemical gradient surfaces [36].
Therefore, during the coarsening process, the distance between
the droplets increases due to the chemical gradient force and
this slows the coarsening process. As is depicted in Fig. 9, in
the homogeneous case the distance decreases slightly but for
the gradient cases the distance increases with time. Figure 10
depicts the coarsening time as a function of the gradient size.
The rate of the increase is not linear and for larger values of α

it is greater. This can be explained by considering the results
of Ref. [36] for nanodroplets on wettability gradient surfaces
for both the small and the large contact angles: that the rate
of increase of the velocity is not completely a linear function
of the gradient size. For small contact angels, it is shown that
the velocity V is proportional to θ2

Oα, where θO is the contact
angle at the base center of the droplet and, thus, there is a slight
deviation from the linear function.

The effect of the slip on the coarsening dynamics has been
recently investigated analytically and numerically for small
contact angles [27]. A reduced model based on asymptotic
methods using the lubrication theory has been derived. Here,
we consider a range of slip lengths to explore the effect of
this parameter on the collapse and migration rates for droplets
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FIG. 9. (Color online) Distance between the droplets during
the coarsening process for the favorable gradient case. The re-
sults for the homogeneous case has also been included in the
figure for comparison purpose. The contact angle is θ (x) = [110 +
α(x − 100)]◦. For all the considered cases a1 = 10, a2 = 5, d = 5,
and B = 0.
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FIG. 10. (Color online) The collapse time vs favorable (I) and
unfavorable (II) wettability gradient size along the surface. tc
represents the time required for the smaller droplet to vanish. For
all the considered cases a1 = 10, a2 = 5, d = 5, and B = 0.

positioned on surfaces with a chemical gradient. We only
consider cases with a favorable gradient; a similar investigation
can be developed for the other case. The contact angle varies as
θ (x) = [110 + 0.1(x − 100)]◦ along the substrate. Figure 11
shows the results for different slip lengths. By increasing the
slip length, the collapse time is reduced while the movement
of the droplets increases. These results are in agreement with
those of Ref. [27], in which it was concluded that coarsening
of droplets is enhanced with a slip boundary condition. In
all the cases presented here, the direction of motion of the
droplets does not change when the slip length increases. This
indicates that the slip length is smaller than the critical value
mentioned by Ref. [27]. In order to explain the influence of
having a slip boundary condition, Fig. 12 depicts the collapse
time versus the slip length. As is evident, the behavior can be
well described in terms of a power law of the slip length.

In order to investigate the effect of droplet size (while
keeping the size ratio fixed) on the coarsening process, two
series of droplets were considered, as depicted in Fig. 13.

β
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12000

tc = 3027.42 β -0.5657

FIG. 12. (Color online) The collapse time as a function of the slip
length. tc represents the time required for smaller droplet to vanish.
tc can be well described in terms of a power-law function of the
slip length. The chemical gradient considered along the substrate is
θ (x) = [110 + 0.1(x − 100)]◦. For all the considered cases a1 = 10,
a2 = 5, d = 5, and B = 0.

In the first series the droplets have sizes equal to the cases
previously studied, i.e., a1 = 10 and a2 = 5, but in the second
series they are larger, i.e., a1 = 15 and a2 = 7.5. Note that
scaling the length is done using the thin-film thickness (b),
the value of which is different for various systems (typically
around 1 nm) [37]. Larger droplets are not modeled because
of computational reasons. The interface boundary condition,
which includes curvature and disjoining pressure terms, is
influenced by the change of the droplet size. The curvature
could be defined as the inverse of the spherical drop radius,
so changing the drop radius modifies the curvature and also
the Laplace pressure. A favorable wettability gradient equal
to α = 0.021 was also considered along the substrate. Since
the distance between the droplets can be defined based on the
distance between the center of mass of the droplets [case (I)] or
the distance between the adjacent edges of the droplets [case
(II)], we considered both cases for the first series. Figure 14
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FIG. 11. (Color online) The effect of slip boundary condition on the coarsening. β is the slip length. The chemical gradient considered
along the substrate is θ (x) = [110 + 0.1(x − 100)]◦. Collapse of the smaller droplet (a) and migration of the larger droplet (b) are compared
for a range of slip lengths. For all the considered cases a1 = 10, a2 = 5, d = 5, and B = 0.
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I II

FIG. 13. (Color online) Two series of droplets considered on
a substrate with a favorable chemical gradient (α = 0.021, θmax =
110◦, and xm = 100) to investigate the effect of droplet size on the
coarsening while keeping the size ratio of the droplets fixed. In the
first series a1 = 10 and a2 = 5 and in the second series a1 = 15 and
a2 = 7.5. For case (I) of the first series the distance between the center
of mass of the droplets is equal to that of the second series while for
case (II) the distance between the edges, d , is equal to that of the
second series.

shows that the velocities of the larger droplets in the second
series and those in case (I) of the first series are approximately
the same. The gradient size (α) is small and the dynamics is
mostly affected by the coarsening process. The coarsening
rate is much larger for both cases of the first series. The
droplet pressure depends on the size of the droplets (P1 ≈ σ/a1

and P2 ≈ σ/a2). Since the larger droplet is supposed to be
twice the size of the smaller droplet, the pressure difference
between the droplets, �P, will be ≈ σ/2a2, which has an
inverse relationship with the smaller droplet radius. Thus,
by considering a similar or smaller distance between the
droplets for the first series, the coarsening time will be smaller
because of the larger pressure difference of the first series. The
coarsening time for the first series is larger when the distance
is calculated based on the distance between the center of mass
of the droplets [case (I) ]. In this case the pressure gradient is
smaller and this weakens the dynamics.

2. Substrates with an unfavorable chemical gradient

Unlike the previous part, in this part the chemical gradient
is considered in the opposite direction of droplet migration.

The contact angle along the substrate is obtained by

θ (x) = θmax ± α(x − xm). (24)

The plus (minus) sign is applied when the contact angle is
smaller (larger) than the critical value. By considering the
results of the favorable gradient part, it can be expected that an
unfavorable gradient enhances the collapse rate. Figure 8(II)
illustrates the center of mass of the larger droplet versus time
for different wettability gradients. In the absence of a chemical
gradient, droplets move in the negative direction along the x

axis while the chemical gradient forces the droplets to move
in the opposite direction. Therefore, by increasing the gradient
size gradually, the direction of motion changes. Nevertheless,
for all the gradients considered the coarsening time decreases.
Figure 10 also shows the change of the collapse time due to
various unfavorable gradient sizes.

3. Substrates with a chemical stripe

Chemical heterogeneity of solid substrates can take various
forms. One of these forms used in this section is depicted in
Fig. 15(I). There is a heterogeneity in the form of a chemical
stripe below the larger droplet, which is more wettable than the
rest of the surface. Because of this high wettability area, the
larger droplet gets pinned over the stripe during the coarsening.
We define the contact angle difference as

� = θ1 − θ2, (25)

where θ1 and θ2 are contact angles of the less and more wettable
parts of the substrate, respectively. Figure 16(I) compares the
collapse and the migration of the droplets for different values
of the contact angle difference. The size of the heterogeneity
is supposed to be 14 (smaller than the base width of the
larger droplet). The presence of the heterogeneity decreases
the distance between the droplets because both droplets start
to move initially. However, when the larger droplet arrives at
the heterogeneity, it gets pinned and does not move further,
but the smaller droplet continues its motion toward the larger
droplet and this decreases the distance between the droplets
gradually and enhances the dynamics. By decreasing the
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FIG. 14. (Color online) The effect of droplet size on the coarsening rate. Cases (I) and (II) in the figures refer to the first series of droplets
(a1 = 10 and a2 = 5). In case (I) the distance between the center of mass of the droplets is the same as that of the larger droplets (a1 = 15
and a2 = 7.5) but in case (II) the droplets have an edge-to-edge distance equal to that of the larger droplets. Collapse of smaller droplet (a)
and migration of larger droplet (b) are compared to show the size effect. Increasing the size of the droplets does not change the velocity of the
larger droplet during the coarsening. However, the coarsening rate has been decreased considerably. For all the considered cases B = 0.
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θ2 ≠ θ1 θ1θ1
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θ 2 ≠ θ1 θ1θ 1

II

FIG. 15. (Color online) Two droplets placed on a chemical
substrate to investigate the effect of this heterogeneity on the
coarsening process. In case (I) the heterogeneous part is below the
larger droplet and in case (II) the chemical part is below the smaller
droplet.

size of the heterogeneity, the distance that the larger droplet
can travel increases and the effect of chemical heterogeneity
weakens. However, the size of the contact angle difference

has little effect on the collapse rate. This fact is depicted in
Fig. 17, where the time is reduced with a large slope when the
heterogeneity is added to the system but increasing the value of
� does not change appreciably the collapse time. The collapse
time in these cases can be described in terms of a power-law
function of �. If the stripe is placed below the smaller droplet
[see Fig. 15(II)], the collapse and migration rates decrease as
depicted in Fig. 16(II). The smaller droplet gets pinned on the
stripe area but the larger droplet continues its motion and, as a
result, the distance between the droplets gradually increases.
Figure 17 also indicates that the collapse time again can be
given by a power-law function of � for this case.

The chemical stripe can be less wettable than the rest of
the substrate, as displayed in Fig. 18. All the contact angles
are larger than the critical value. The larger droplet is initially
placed on the less wettable part but it gradually moves toward
the more wettable part during the coarsening. This increases
the distance between the droplets, as shown in Fig. 18(a),
and the rate of the coarsening decreases. In contrast, if the
smaller droplet is initially considered on the less wettable part,
the smaller droplet moves toward the larger droplet and this
decreases the coarsening time. If the larger droplet is close
to the stripe the droplets may coalesce, which is obvious in
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FIG. 16. (Color online) The effect of a more wettable part, which is placed below the larger droplet (upper cases) or the smaller drop
(lower cases), on the coarsening dynamics. � = θ1 − θ2 is the contact angle difference between the less (θ1) and more (θ2) wettable parts of the
substrate. Collapse of the smaller droplet (a) and migration of the larger droplet (b) are compared for various values of the wettability change.
For all the considered cases the size of the heterogeneity is equal to 14 for (I) and 6 for (II), which is smaller than the base width of the droplet,
and θ1 = 120◦, a1 = 10, a2 = 5, d = 5, and B = 0.
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FIG. 17. (Color online) The collapse time vs the contact angle
difference � = θ1 − θ2 for the case of a more wettable chemical
heterogeneity (I) below the larger droplet and (II) below the smaller
droplet. The behavior of the system can be well described by a power-
law-type distribution. For all the considered cases the size of the
heterogeneity is equal to (I) 14 or (II) 6 and θ1 = 120◦, a1 = 10,
a2 = 5, d = 5, and B = 0.

Fig. 18(b). In both cases, it should be noted that the direction of
droplet motion is determined by coarsening dynamics, which
is in the direction of mass flux for contact angles larger than
the critical value.

If both droplets are positioned on the more wettable part
and the heterogeneity is located between the two droplets,
as shown in Fig. 19, our results indicate that the changes
of the collapse and migration of the droplets are negligible
as long as the smaller droplet does not arrive at the stripe
during the coarsening. If the size of the heterogeneity is
large enough, the smaller droplet will reach it and get

θ2 ≠ θ 1θ1 θ1

I

θ1 θ2< θ1

II

FIG. 19. (Color online) Two droplets placed on a chemical
substrate to investigate the effect of the heterogeneity on the
coarsening process. In case (I) the heterogeneity is located between
two droplets and in (II) the heterogeneity is in the form of a chemical
step.

pinned. Since the larger droplet continues its motion, the
distance between the droplets increases and the coarsening rate
decreases.

4. Substrates with a chemical step

In a different scenario, the droplets are positioned on the
more wettable part of a chemical step to study the effect of the
step on the coarsening dynamics, as is shown in Fig. 19(II). The
contact angles are larger than the critical value and because
of the coarsening the droplets start to move toward the step.
When the larger droplet arrives at the step it gets pinned and
does not move further. This decreases the distance between the
droplets continuously and the time of the coarsening decreases.
When the larger droplet grows, its center of mass moves away
from the step and this further decreases the distance between
the droplets and the coarsening time. Figure 20 compares the
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FIG. 18. (Color online) The effect of a less wettable stripe on the coarsening dynamics. The contact angle of the stripe is equal to 130◦ and
the rest parts of the substrate have contact angles equal to 120◦. The less wettable stripe is located below (a) the larger drop and (b) the smaller
one, respectively. For all the considered cases a1 = 10, a2 = 5, d = 5, B = 0, and the stripe size is equal to 14 and 6 for the cases (a) and (b),
respectively. In the figure the times during the transient evolution of the system are also shown.
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FIG. 20. (Color online) The effect of the chemical step on the coarsening dynamics. � = θ1 − θ2 represents the contact angle difference
between the less (θ1) and more (θ2) wettable parts of the substrate. Collapse of the smaller droplet (a) and migration of the larger droplet (b)
are compared for various values of the wettability change. For all the considered cases θ2 = 120◦, a1 = 10, a2 = 5, d = 5, and B = 0.

results for various values of � = θ1 − θ2, where θ1 and θ2

refer to the contact angles of the less and more wettable parts,
respectively. The presence of the heterogeneity reduces the
time required for the coarsening process but the size of � has
no noticeable effect on the time. The rate of decrease of the
coarsening time can be described by a power-law function of
�, as is shown in Fig. 21.

V. CONCLUSION

By using the boundary integral method with linear el-
ements, the coarsening dynamics of two nanodroplets on
various types of substrates (homogeneous and chemically
patterned) was investigated.

We first considered homogeneous substrates and showed
that the dynamics is enhanced linearly when the distance
between the droplets decreases. By studying cases with
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FIG. 21. (Color online) The collapse time vs the contact angle
difference � = θ1 − θ2 for a chemical step. tc represents the time
required for the smaller droplet to vanish. The small circles are the
numerical results. A power-law distribution is used to model the
behavior of the system. For all the considered cases θ2 = 120◦, a1 =
10, a2 = 5, d = 5, and B = 0.

large contact angles, beyond the lubrication approximation,
unexpectedly, we found that a transition occurs in the migration
direction of the droplets when the contact angle exceeds a
critical value. For cases with a contact angle less than the
critical value the droplets move in the opposite direction of
the mass flux but, when the contact angle is greater than
the critical value, the droplets migrate in the direction of
the mass flux. Also the coarsening dynamics is enhanced
when the contact angle increases. The form of the disjoining
pressure was another parameter whose effect on the process
was investigated. The type of DJP (plus or minus) could
extensively affect the dynamics. Our results revealed that
basically the minus case of the DJP reduces the overall time
for the coarsening in comparison with the plus case. Although
the effect of disjoining pressure is almost explained by the film
thickness change, for cases with a slight difference in the film
thickness, the form of the DJP could unexpectedly modify the
dynamics.

In this work, different chemically patterned substrates were
considered and their effect on the coarsening physics was
investigated. By considering droplets on wettability gradient
substrates, it was found that if the gradient is in the direction
of migration of the droplets (favorable gradient), the dynamics
is weakened. The employed gradient is compatible with the
droplet migration due to coarsening in this case, though it
weakens the dynamics. This fact was explained by analyzing
the gradient effect on drop distance during the process. The
gradient drives the larger droplet faster in the direction of
mass flux and, as a result, the relative mass flux entering
the droplet becomes smaller. As the gradient size becomes
larger, the dynamics is further weakened. In contrast to the
previous case, if the gradient is in the opposite direction of
migration of the droplets (unfavorable gradient), the dynamics
is enhanced and the coarsening time decreases. It was shown
that applying an unfavorable wettability gradient could result
in a transition in droplet migration direction. To examine the
influence of the slip boundary condition, we considered the
favorable gradient case and increased the slip length from zero
(no slip) to large values. Increasing the slip length boosts the
dynamics and increases the coarsening rate. It was shown that
the coarsening time can be well described by a power-law
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function of the slip length. We also considered substrates
with a chemical stripe. If the stripe is more wettable than
the rest of the substrate and considered below the larger
(smaller) droplet, the larger droplet (smaller) gets pinned on
this part and the smaller (larger) droplet approaches (moves
away from) it and, as a result, the pressure gradient between the
droplets increases (decreases) and this leads to a faster (slower)
coarsening process. Although the existence of a chemical
stripe below each of the drops could extensively modify the
dynamics as explained, changing the wettability of the stripe
does not influence the coarsening process. When the stripe is
less wettable than the rest of the substrate, the droplets move
away from the stripe region and this enhances (weakens) the
dynamics if the stripe is placed below the smaller (larger)
droplet. Another remarkable, unexpected point observed in our
results is that a chemical stripe located between two droplets
does not influence the dynamics at all. We have tried different
wettabilities for the stripe but the results are unchanged. Our
results also indicated that the presence of a stepwise wettability
reduction enhances the dynamics and boosts the coarsening
process by making the larger droplet get pinned on its position.
Eventually, for cases when the droplets are positioned on

the more wettable part of the chemical step, interestingly
we found that the existence of a chemical step reduces the
coarsening time but the amount of wettability change in
the step position does not have any influential effect on the
dynamics.

Finally, it could be helpful to indicate some issues that can
be considered for further study in the field. Our investigation
considers only a two-dimensional analysis. Thus, extending
the discussion to three-dimensional systems seems to be a
crucial task to understand the physics completely. Also, the
systems considered in this study are limited to the interaction of
two isolated droplets; however, considering systems with more
droplets may possibly reveal new physics. It would be also
valuable to address the effects of issues such as evaporation
and condensation, viscoelasticity, external body forces, and
the Marangoni effect due to temperature and surfactant
concentration gradients. The considered heterogeneities in the
study are chemical. It would be interesting to study the effects
of topographical heterogeneities on the coarsening dynamics.
It has been shown that the study of the dynamics on physical
heterogeneities can incorporate laterally varying disjoining
pressure [37].
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