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Abstract
Employing a biharmonic boundary integral method with linear elements, coarsening dynamics
of nanodroplets on topographical step heterogeneity is investigated. It is shown that the step
height and droplet configuration have an influential effect on the dynamics. Increasing the step
height slows down the process while locating the droplets close to the step boosts the
coarsening rate. Considering a slip boundary condition enhances the dynamics and reveals a
transition in the droplet migration direction. Our results reveal that increasing the surface
wettability weakens the dynamics. Various types of the disjoining pressure over the step are
also considered and their effects on the coarsening are investigated.

(Some figures may appear in colour only in the online journal)

1. Introduction

It is well known that a thin liquid film on a homogeneous
solid surface is spinodally unstable if the gradient of the
disjoining pressure with respect to the distance from the
surface is positive. In this regime, capillary waves are
amplified and the film spontaneously breaks up. In an analogy
to the spinodal decomposition in the phase separation of
binary alloys described by the Cahn–Hilliard equation, this
evolution is sometimes called spinodal dewetting [1–4].
However, a spinodally stable thin film could also become
unstable in the presence of chemical and physical surface
heterogeneities [5–7]. A thin layer of a liquid covering a
hydrophobic surface gradually deforms through dewetting
mechanisms [8, 9, 5, 10–17], and instabilities lead to the
formation of dry spots in the early stages of this process [10,
11]. The resulting holes start to grow and their growth
continues until they arrive at neighboring holes. Merging
of the neighboring holes causes the liquid layer to evolve
into a pattern of ridges, which eventually breaks up into
droplets [18–20]. The resultant droplets are not stable yet
and continue to change in a slow process called coarsening,
whereby droplets drift and exchange mass.

The coarsening is a general phenomenon studied in
different contexts, such as phase separation of binary
alloys [21–23], and is associated with the decrease in the

total number of features (here droplets) and an increase in
the average feature size and the average distance between
features, and is basically driven by reduction of the total
energy of the system. In the context of thin liquid films,
this process has recently become the focus of extensive
theoretical and numerical investigations which have tried to
obtain a general law for the coarsening rate of a large array
of droplets. In [24] a reduced model based on asymptotic
methods is derived and it is shown that the number of
droplets during the coarsening over a homogeneous surface
could be evaluated well by N(t) = O(t−2/5), where N is the
number of droplets and t is time. Obtaining reduced ordinary
differential equations has allowed one to consider interactions
of large numbers of droplets, which would be time consuming
using the underlying partial differential equations. Other
studies have shown that considering the effect of physical
parameters such as the slip boundary condition and gravity
could qualitatively modify the physics. Changing from a
no-slip boundary to a slip regime causes the droplets to collide
more and alters the coarsening rate [25]. Also, increasing
the slip length above a critical value changes the direction
of the droplet migration during the coarsening. In the initial
stages of this process, droplets are small and with a parabolic
profile. However, after sufficient time, gravity will cause
the coarsened droplets to flatten into puddles. It is revealed
that the coarsening rate for larger droplets decreases in the
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presence of gravity while smaller droplets remain mostly
unaffected [26]. The influence of gravity leads to a cross-over
from power law coarsening to a logarithmic behavior. The
coarsening dynamics of nanodroplets has been also probed
experimentally and analytically [27–29].

It is shown that the early stages of the dewetting
could extensively change in the presence of chemical
surface heterogeneities [5, 30–36], physical defects [37],
and also both of them [6, 7, 38–40]. The breakup time
for thin liquid films on solid surfaces can be substantially
smaller if the surface is heterogeneous, either chemically or
physically. Although the effect of surface heterogeneities on
the early stages of the dewetting has attracted much scientific
interest, their effect on the late stage of this process has
received little attention. The effects of different chemical
substrates, such as stripes, chemical steps and chemical
gradients, on the coarsening dynamics were considered in
our previous work [41]. It was found that the presence of a
chemical heterogeneity can enhance or weaken the coarsening
dynamics depending on the pattern type and the position of the
droplets on the substrate. Also it was found that increasing
the contact angle to values larger than a critical value could
change the direction of the droplet migration. In this paper,
our purpose is rather to investigate the effect of topographic
heterogeneities on the coarsening dynamics. To this end,
two nanodroplets are located on this type of heterogeneity
and different geometrical and chemical parameters of the
topography, such as the step height, the droplet configuration,
the step wettability, and the step disjoining pressure, are
considered to evaluate their influence on the dynamics.

The paper is organized as follows: first, the governing
equations and the numerical method are introduced briefly.
Next, the results of the simulations are presented and
discussed. The final section of the paper is dedicated to the
conclusion.

2. Governing equations and numerical algorithm

In the limit of low Reynolds number, where viscous forces
dominate the inertial forces, the Navier–Stokes equations
could be simplified to the following equations:

∇ · U = 0, (1)

∇ · γ = 0, (2)

where U represents the velocity vector and γij = −Pδij +

µ(Ui,j + Uj,i) is the stress tensor, where P stands for the
pressure, δij is the Kronecker symbol and µ denotes the
dynamic viscosity of the liquid.

The problem is converted to a non-dimensional form
by scaling the lengths by b, which is the equilibrium
wetting film thickness, the velocity by Ab/µ, where A is a
material-dependent parameter, and the pressure by σ/b, where
σ stands for the surface tension. The dimensionless time is
given in units of µ/A [42].

By introducing the stream function ψ(∂ψ/∂y =
ux, ∂ψ/∂x = −uy) and the vorticity ω(ω = ∂ux/∂y−∂uy/∂x)

in terms of the dimensionless velocity u(ux, uy), the governing
equations can be reformulated as [43]:

∇
2ψ = ω, (3)

∇
2ω = 0, (4)

or equivalently, from the above set of equations, one can show
that ∇4ψ = 0.

Suitable boundary conditions for this system are
discussed in detail by [41]. Employing the fluid–vapor
interface boundary conditions yields the following:

ω = 2ψss − 2κψn, (5)

ωn = −2ψnss + 2κψss + 2κsψss −
κs +5

C̃
, (6)

where s is the arc length derivative and κ stands for the
curvature and may be calculated from:

κ =
yssxs − xssys

(x2
s + y2

s )
3/2 . (7)

The parameter C̃ is a scaling factor and the time is scaled
by µb/(C̃σ) [42]. The value of this parameter in this study is
taken to be 3 for all the cases to simplify the comparisons.

The presence of the intermolecular interactions could be
summarized into 5, which is the disjoining pressure (DJP).
The DJP is defined as the derivative of the intermolecular
potential energy V:

5 = −
dV

dy
. (8)

On homogeneous flat substrates V is independent of the lateral
dimension, but for physical (or chemical) heterogeneous
surfaces V changes laterally. In most of the previous studies
lateral variation of the disjoining pressure has been modeled
crudely. In the other words, a heterogeneous substrate is
assumed to be locally homogeneous and lateral interferences
of heterogeneities are neglected [44, 45, 36, 46, 47]. Recently,
a more refined representation of the heterogeneity was
introduced [42]. In this model the pairwise interactions of the
particles are modeled as Uαβ(r) =

Mαβ

r12 −
Nαβ
r6 , where α and β

relate to liquid (l), substrate (s) or coating particles (c),Mαβ

and Nαβ are material parameters and r is the interatomic
distance. Then the general formulation of the disjoining
pressure could be given by:

5(r) =
∫

Vs

{ρ2
l Ull(r − r′)− ρl ρs Usl(r − r′)} dr3, (9)

with r, r′ ∈ R3 and ρl, ρs as the number densities of the liquid
and substrate, respectively. Vs is the substrate volume. For a
homogeneous substrate, this formulation results in a DJP with
the following form:

5h(y) = C

(
1

y9 ∓
1

y3 +
B

y4

)
. (10)

The parameter C is a dimensionless amplitude which
compares the strength of the effective intermolecular and the
surface tension forces. C is called the capillary number and
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Table 1. The different terms in the disjoining pressure of step topography.

Term Formulation

I12
e

5

11 520x9y9(x2+y2)
7
2
[−280x6y6(x4

+ y4)− 448x2y2(x12
+ y12)− 128(x16

+ y16)+ 128(x9
+ y9)(x2

+ y2)
7
2 − 35x8y8

− 560x4y4(x8
+ y8)]

I6
e

5

24x3y3
√

x2+y2
[2(x3

+ y3)
√

x2 + y2 − 2(x4
+ y4)− y2x2

]

I12
c

5d

1280(x2+y2)
9
2 y10
[128(x2

+ y2)
9
2 − 315xy8

− 840x3y6
− 1008x5y4

− 576x7y2
− 128x9

]

I6
c

5d

8y4(x2+y2)
3
2
[−2(x2

+ y2)
3
2 + 3xy2

+ 2x3
]

defined as C = Ab/σ . The parameter B controls the shape of
the DJP. Depending on the sign of the long-range term (minus
or plus) in equation (10), the system can exhibit different
dynamics [42]. These cases have been referred to as the minus
and the plus cases [42], respectively. The equilibrium contact
angle at any location is defined as the following:

cos θeq = 1+
∫
∞

y0

5(y) dy, (11)

where y0 stands for the precursor film thickness (5(y0) =

0) [42]. This simple DJP is just a function of the
normal coordinate. A more realistic model can be built by
superposing the effect of all the flat substrates such that for
the droplet positioned on the top side of the step, the effect
of horizontal plate below it is considered, but for the droplet
on the bottom side of the step, the DPJ includes the effect of
vertical plate and the horizontal plate below the droplet, i.e.,

5step(x < 0, y) = 5h(y− h),

5step(x > 0, y < h) = 5h(x)+5h(y),

5step(x > 0, y > h) = 5h(y).

(12)

h represents the height of the step.
A substantial improvement on modeling of the DJP

over the step can be obtained by decomposing the step into
contributions from quarter spaces (edges) forming building
blocks which can be calculated analytically by solving the
integral of equation (9). Here, we mention a brief description
of the model formulation, while details of the explanations
are presented in [42]. The disjoining pressure of the left upper
edge is:

5l(x, y) = 5l
e(x+ d, y+ d)+5l−h

c (x, y)+5l−v
c (x, y),

(13)

where d is the coating layer thickness, 5e represents the
effect of the edge, 5c is the effect of the coating layer and
the superscripts h and v stand for the horizontal and vertical
layers, respectively. The DJP of the edge and the coating layer
are defined as:

5l
e = 1MsI

12
e −1NsI

6
e ,

5l−h
c = 1McI12

c −1NcI6
c ,

5l−v
c (x, y) = 5l−h

c (y, x),

(14)

where 1Mx = ρ
2
l Mll − ρlρxMlx and 1Nx = ρ

2
l Nll − ρlρxNlx.

The different terms in equation (14) are given in table 1.

Figure 1. Two droplets are placed on a topographic step. L1 and L2
determine the droplet distances from the step while a1 and a2
indicate their radii. h is the step height.

Using the definition of the left edge DJP and symmetry
of the system, the total disjoining pressure is obtained as:

5(x, y) = 5l(x, y− h)+5l(−x, y)− 25l−v
c (x, y). (15)

The last term on the right-hand side of equation (15) removes
the effect of the artificial extra coatings on the left and the
right quarter spaces (at x = 0, y < 0) which get buried upon
building the step out of the coated edges.

In order to study the dynamics, we obtain the evolution
of mass and position of the droplets during the process. As
the simulation is two dimensional, the surface area of the
droplets with the assumption of constant density is used to
measure their mass. The position of the droplets is determined
by obtaining their center of mass in the lateral direction (x
axis). Equations (16) and (17) define the surface area (mass)
and center of mass of the droplets, respectively.

Mi =

∫
Si

dA, (16)

Xi =

∫
Si

X dA∫
Si

dA
, (17)

where Mi/Xi represents the mass/position of smaller (i = s) or
larger (i = l) droplets and Si is the surface area occupied by
each droplet.

3. Results

To investigate the coarsening dynamics of two nanodroplets
located on the step topography, it is assumed that the system
has an initial condition illustrated in figure 1. The different
parameters shown in this figure are the focus of this section
to study how they affect the dynamics. The larger and the
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Figure 2. Effect of the step height on the coarsening dynamics. The collapse of the smaller droplet (a), migration of the smaller droplet (b),
growth of the larger droplet (c), and migration of the larger droplet (d) are compared for various step heights. The radius and height of the
larger droplet are twice those of the smaller one, with values of 10 and 5, respectively. The minus DJP is considered with a (B,C) equal to
(0, 3). (L1,L2) are both supposed to be 10.

smaller droplets are positioned at distances L1 and L2 from
the step and their initial radii are a1 and a2, respectively. The
step height is indicated by h. To start with a reasonably close
profile to the relaxed droplet profile, we consider a parabola
profile that is centered about x = x̄ and is smoothly connected
to the ultra-thin film (UTF), that is:

y(x, t = 0) = y0 + a

[
1−

(
|x− x̄|

a

)2
]|x−x̄|m+1

, (18)

with the droplet height a in the center being equal to half
the base width. y0 represents the film thickness (5(y0) =

0). Considering an equal initial height and radius facilitates
droplets to reach the equilibrium [48]. In this study, we choose
m, which determines the smoothness of the transition region
from the droplet to the UTF, to be 10.

3.1. Step height

In order to study the influence of the step height on the
coarsening dynamics, a series of simulations was conducted
for different values of h. Other parameters were kept fixed to
remove their influence on the dynamics. Changing the step
height alters the distribution of the disjoining pressure over
the step and modifies the droplet motion near the step [42].

Figure 3. The collapse time of the droplet as a function of the step
height. Increasing the step height increases the distance between the
droplets and, consequently, increases the collapse time. It is obvious
that the slope reduces with h. This is due to the DJP effect and the
droplet migration.

On the other hand, changing h is equivalent to changing
the distance of the droplets, which plays an important role
in the coarsening dynamics, as shown in [41]. The initial
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Figure 4. Effect of L1 (larger droplet distance from the step) on the coarsening dynamics. The radius and height of the larger droplet are
twice those of the smaller one, with values of 10 and 5, respectively. The results are for the minus DJP with the (B,C) equal to (0, 3). The
step height is 5 and the smaller droplet is positioned at a distance 10 from the step (L2 = 10).

radii of the larger and the smaller droplets are chosen such
that the radii ratio is equal to 2, consistent with the work
of [49], with values of 10 and 5, respectively. The simulations
were conducted for the minus case of the DJP with the
parameters (B,C) equal to (0, 3). As already explained, C is
the capillary number, which indicates the surface wettability
and the contact angle. The initial distances of the droplets
from the step (L1,L2) are both 10. Results are depicted in
figure 2, which includes the evolution of mass and position
of the droplets. Ms and Ml represent the surface areas of
the smaller and the larger droplets, respectively, which are
proportional to the mass with the assumption of constant
density. Xs and Xl are the centers of mass of the droplets in
the horizontal direction. By increasing the step height, the
coarsening rate slows down. This can be associated with the
increase of the droplet distance due to the increase of the step
height. It is also clear that the growth of the coarsening time
reduces on increasing h. The disjoining pressure is enhanced
by increasing h and this alters the direction of the migration
of the droplets, as shown in figures 2(b) and (d). The time
required for complete disappearance of the smaller droplet
could be termed as the collapse time. The collapse time could
be defined numerically as the time in which the amount of
calculated mass for the smaller droplet becomes lower than
a specified value (e.g. 0.005). Figure 3 depicts the collapse
time of the smaller droplet for various step heights. For a

small step height, droplets move in the opposite direction of
the x-axis due to the coarsening process, similar to the cases
with a homogeneous surface [41]. Increasing the step height
intensifies the disjoining pressure and drives the droplets in
the positive direction of the x-axis [42]. This decreases the
distance between the droplets and enhances the coarsening.
Thus, the slope of the coarsening time as a function of the
step height reduces.

3.2. Initial position of the droplets

The initial distances of the droplets from the step, (L1,L2)

shown in figure 1, play an important role in the coarsening
dynamics by determining the distance of the droplets and the
influence of the DJP on the droplets. To find the effect of
these parameters, simulations were performed for different
configurations of the droplets. To this end, the initial radii of
the droplets are chosen as a1 = 10 and a2 = 5, in analogy to
the previous section. The minus case of the disjoining pressure
is considered with (B,C) equal to (0, 3) and the step height
was kept constant h = 5 for all the cases. Figure 4 represents
the results for the mass and position of the droplets for L2 =

10 and various values of L1. As expected, the collapse process
slows down on increasing L1. This can be explained by noting
the fact that increasing L1 increases the distance between
the droplets. To quantify the amount of the coarsening time

5
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Figure 5. The coarsening time versus the distance of the larger
droplet from the step. Increasing L1 results in the droplet distance
increasing and also increases the collapse time. Reduction of the rate
could be explained by considering droplet migration due to the DJP.

increase due to L1 growth, figure 5 illustrates the time as a
function of the distance. Changing the distance from 10 to
15 increases the coarsening time more than the case with

changing the distance from 15 to 20. Since this behavior is
not seen in the case of a homogeneous substrate, where the
collapse time increases linearly with the distance [41], the
reason can only be explained in terms of the step disjoining
pressure. In the vicinity of the step, the minus disjoining
pressure drives the droplet on the top side toward the step
(in the positive direction of the horizontal axis) [42], which is
seen for the smallest distance (L1 = 10) in figure 4. Movement
of the larger droplet toward the step reduces the distance
of the droplets and enhances the dynamics. When a droplet
is positioned far from the step, similar to the cases (L1 =

15, 20), the effect of the DJP on it decreases and the droplet
moves in the negative direction of the horizontal axis due to
the coarsening such that the distance between the droplets
increases. This transition in the direction of the larger droplet
movement is clear in figure 4. Therefore, it is expected that
increasing L1 has a noticeable influence when this transition
occurs (10 < L1 < 15 in this case).

In order to discuss the effect of L2, namely, the distance of
the smaller droplet from the step, a series of simulations were
performed for various values of L2. In all the simulations the
larger droplet distance from the step was kept fixed equal to
10. Figure 6 depicts the different properties of the system as
a function of the time. Again it is observable that increasing
L2 slows down the coarsening because the distance between

Figure 6. Effect of L2 (smaller droplet distance from the step) on the coarsening dynamics. The radius and height of the larger droplet are
twice those of the smaller one, with values of 10 and 5, respectively. The considered DJP is the minus case with (B,C) equal to (0, 3). The
step height is 5 and the larger droplet is positioned at a distance equal to 10 from the step (L1 = 10).
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Figure 7. The coarsening time versus the distance of the smaller
droplet from the step. Increasing L2 results in an increase in droplet
distance and increases the collapse time. The increase of the rate
could be explained by considering the droplet migration due to the
DJP.

the droplets increases. Figure 7 shows how the collapse
time changes by increasing L2. This figure proves the time
increase due to the distance L2 growth. Another remarkable
point is that increasing the distance from 15 to 20 increases
the coarsening time more than the case with increasing the
distance from 10 to 15. This behavior can be explained
similarly to the L1 case. In the vicinity of the step, the negative
disjoining pressure of the topography causes the lower droplet
(here the smaller droplet, refer to figure 1) to leave the step
and move in the positive direction of the horizontal axis in our
case [42]. This kind of movement is clear in figure 6 just for
the smallest distance (L2 = 10). Moving away from the step
makes the distance between the droplets larger and decelerates
the coarsening. When the droplet is located far from the step
(L2 = 15, 20), the effect of the disjoining pressure reduces
and the droplet moves in the opposite direction due to the
coarsening. This effect of the DJP makes the collapse time
difference smaller between the first two cases (L2 = 10 and
L2 = 15) and explains the nonlinearity of the coarsening time
as a function of the distance.

3.3. Displacing the droplet position

It is desirable to know how the dynamics would change if
the positions of the droplets are displaced. In all the former
sections, it was assumed that the larger droplet was placed
on the top side and the smaller one on the bottom side of
the step, as depicted in figure 1. Here, the configuration of
the droplets is modified as shown in figure 8. Similar to
section 3.1, the height of the step in the new configuration
was changed and simulations were conducted. Again, the
initial radii of the droplets are 10 and 5, respectively, and
their initial distances relative to the step are both 10. The
negative disjoining pressure is considered with B = 0 and
C = 3. Various parameters of the system, including the masses

Figure 8. Displacing the droplets such that the smaller and the
larger droplets are positioned on the top and bottom sides of the
step, respectively. L1 and L2 stand for the droplet distances from the
step while a1 and a2 indicate their radii. h represents the step height.

and positions of the droplets, are illustrated in figure 9. An
increase of the collapse time is evident when the height of
the step becomes larger, which was also seen in section 3.1
for the reverse structure, but there is no longer a transition in
the droplet migration direction. In this new droplet structure,
coarsening leads to a movement in the positive direction of
the horizontal axis, which is in the same direction as the
disjoining pressure force. Therefore, both types of migration
(due to coarsening and disjoining pressure) enhance each
other and there is no transition in the movement of the
droplets. Figure 10 depicts how the coarsening time changes
due to the step height increase in the new configuration.
It is apparent that the rate increases when h is increasing.
This could be related to the disjoining pressure effect, which
increases the distance of the droplets and slows down the
coarsening. Thus, an increase of h, which intensifies the
disjoining pressure, could decelerate the process.

3.4. Slip boundary condition

The effect of considering the slip boundary condition with
different slip lengths on the coarsening dynamics has been
previously explored in the case of homogeneous [25] and
chemically structured surfaces [41]. In order to explore the
effect of the slip on topographic structures, two droplets with
initial radii of 10 and 5 are considered on a topographic
step with height of h = 5. The initial distances between the
droplets and the step are (L1,L2 = 10) and the problem
is studied for the minus DJP with (B,C) equal to (0, 3).
The results are obtained for a range of slip lengths to show
the effect of this parameter on the mass evolution and the
migration of the droplets (see figure 11). Increasing the slip
length enhances the dynamics and reduces the collapse time of
the smaller droplet, which is consistent with the results of [25,
41]. Figure 12 illustrates how the total time of coarsening
changes due to the slip parameter. When the regime is changed
from the no-slip boundary condition (β = 0) [41] to the
slip boundary condition (β > 0), a transition occurs in the
droplet migration direction, as shown in figure 11. From the
transition it could be concluded that coarsening dominates
when we have a slip regime. In other words, droplets move
in the direction of the disjoining pressure force for the no-slip
regime, but they move in the direction of the mass flux when
there is slippage. The speed of migration of both droplets
grows due to the slip length increase.
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Figure 9. Effect of the step height on the coarsening dynamics when the droplets are displaced and positioned in the new configuration.
The radius and height of the larger droplet are twice those of the smaller one, with values of 10 and 5, respectively. The results belong to the
minus DJP with (B,C) equal to (0, 3). (L1,L2) are both 10.

Figure 10. The collapse time versus the step height for the new
configuration. Increasing the step height increases the distance
between the droplets and, consequently, increases the collapse time.
It is obvious that the slope increases by h, which is due to the DJP
effect and the droplet migration.

3.5. Surface wettability and the disjoining pressure

In previous sections, our attention was concentrated on the
effect of the step height and the initial positions of the

droplets on the dynamics. The effects of chemical properties
of the substrate and the type of the disjoining pressure were
neglected. However, it is reported that the surface wettability
and the type of the disjoining pressure could affect the droplet
migration and pressure, and thus change the dynamics [42].
To evaluate the effect of these parameters, other properties of
the system are fixed. The initial radii of the larger and smaller
droplets are (10, 5) respectively. The step height is considered
to be 5 and the initial distances between the droplets and
the step are (L1 and L2 = 10). First, results are presented
for different surface contact angles for the minus case of the
disjoining pressure with (B = 0). Figure 13 illustrates how
the dynamics is prone to change due to the surface wettability.
By increasing the contact angle (reducing wettability of the
surface) the collapse time reduces, as is clear in figure 13(a).
This is consistent with the results of droplet coarsening on a
homogeneous surface [41]. It is worth mentioning that all the
cases simulated for this part have large surface contact angles
(θeq ≥ 90) and it is not expected to see a transition in the
direction of droplet movement as reported for homogeneous
surfaces [41]. Here, another kind of transition is clear in the

droplet motion when the contact angle is increased, which is
due to the step topography disjoining pressure (see figure 13).
In other words, competition between coarsening and the
disjoining pressure determines the direction of the droplet
migration. For smaller contact angles, such as (θeq = 90),
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Figure 11. Effect of the slip length on the coarsening dynamics. The radius and the height of the larger droplet are twice those of the
smaller one, with values of 10 and 5, respectively. The results are for the minus DJP with (B,C) equal to (0, 3). The height of the step is
equal to 5 and (L1,L2) are both 10.

Figure 12. The collapse time versus the slip length when the
droplets are positioned on the step topography. The required time
reduces when the size of the slip length is increased. This behavior
also was previously observed in the case of homogeneous and
chemically heterogeneous surfaces [25, 41].

the winner of this competition is the disjoining pressure,
which leads the droplets to move in a positive direction of
the x-axis. By increasing the contact angle, droplets migrate

in the opposite direction (the negative direction of the x-axis),
which is due to the coarsening dynamics.

As discussed in introduction, the disjoining pressure can
be in the minus and the plus forms. The disjoining pressure
is specified using a pair of parameters (B,C). The type of the
DJP and the values of (B,C) have been shown to affect the
droplet motion near the step [42]. Here, the purpose is to find
out if the type of DJP and the values of (B,C) could modify
the coarsening dynamics. Also the results of an approximate
model of the DJP (obtained from equation (12)) for the
coarsening process are examined. Contours of the minus and
the plus step DJP are shown for different assumed interface
locations in figure 14. This figure is just provided to illustrate
how the disjoining pressure could vary along the coordinate
system.

First, the minus DJP with different (B,C) but the same
contact angle (θeq = 90) is considered and the results are
illustrated in figure 15. The values of (B,C) are (1, 7.7583)
with y0 = 1.3, (0, 2.6667)with y0 = 1, and (−1, 1.2703)with
y0 = 0.88. For the case (B = 0,C = 2.6667), the refined
model of the disjoining pressure (equation (14)) is compared
with the approximate one (equation (12)).

The effect of the disjoining pressure is intensified when
B is increased, as is apparent in figures 15(b) and (d), where
the droplets move faster in the direction of the DJP force with
increasing B. This is in agreement with the results of [42].
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Figure 13. Effect of the surface contact angle on the coarsening dynamics. The radius and height of the larger droplet are twice those of the
smaller one, with values of 10 and 5, respectively. The results are for the minus DJP with B = 0. The step height is equal to 5 and both the
droplets are positioned at a distance 10 from the step (L1,L2 = 10).

Figure 14. Contours of the step disjoining pressure. (a) The minus
DJP with B = 0 and (b) the plus DJP with B = −2.5. In this figure
the values of the disjoining pressure are illustrated for different
assumed interface locations to show how it could vary along the
coordinate system.

This accelerates the coarsening because the droplets approach
each other. Also it should be noted that increasing B leads
to a larger film thickness, which could play an important
role in accelerating coarsening dynamics. It is shown that for
the same pressure gradients the flow rate through the film is
proportional to the cube of the film thickness yf ≈ y0, i.e., Q ∝
y3

f [50]. This may explain why for the cases with larger film
thickness coarsening occurs faster. The approximate model
of the disjoining pressure results in a similar mass evolution
for both the droplets in comparison with the more refined
model of the DJP. However, there is a noticeable change in the
droplet migration when the approximate model is used. This
could be related to the fact that the approximate model does
not have any influence on the droplet on the top side (here
the larger droplet) in the lateral direction, while it exerts an
intense force on the droplet on the base part (here the smaller
one).

By employing the plus form of the disjoining pressure,
coarsening is investigated for two sets of (B,C) values. The
chosen values of (B,C) are (−2.5, 4.2327) with y0 = 0.91
and (−4, 0.9265) with y0 = 0.79. Both the cases result in a
contact angle equal to 90◦. The results are almost the same
as the minus DJP, as illustrated in figure 16 in which the
collapse time is reduced when the value of B is increased
(−4 → −2.5). This behavior could be related to the film
thickness growth and the effect of the disjoining pressure on
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Figure 15. The effect of (B,C) on the coarsening dynamics. The results are for the minus case of the DJP and B and C are selected such
that θeq = 90◦. For the case (B = 0,C = 2.6667), the refined model of the disjoining pressure (specified in the legend by I) is compared
with the approximate one (specified in the legend by II). The radius and height of the larger droplet are twice those of the smaller, with
values of 10 and 5, respectively. The step height is 5 and both the droplets are positioned at a distance 10 from the step (L1,L2 = 10).

the droplets migration, which bring the droplets nearer each
other, similar to the minus case (see figure 16). A new feature
of the dynamics, in comparison with the minus DJP, is the
change of the direction of droplet migration, which is due
to the disjoining pressure effect near the step [42]. For the
minus DJP, both the droplets on the top and bottom sides of
the step tend to move in the positive direction of the horizontal
axis, while for the plus case, the droplets move in the opposite
direction.

4. Conclusion

A boundary integral method with linear elements was
used to study the coarsening dynamics of two interacting
nanodroplets on topographical heterogeneous substrates and
the effects of different parameters on the dynamics were
investigated.

The step height was the first geometrical parameter for
which the effect on the dynamics was investigated. It was
shown that a step height increase intensifies the disjoining
pressure and results in a nonlinear increase in collapse
time and a transition in the droplet migration direction.
Considering another physical parameter, the initial distance
of the droplets from the step, made it clear that droplets far
from the step exchange mass more slowly than the ones in

proximity to the step. It was shown that the lateral variation
of the step disjoining pressure plays an important role in
this case and modifies the linear behavior observed for a
homogeneous surface to a nonlinear variation. Then the
reversed configuration of droplets was considered, and it was
shown that the collapse time increase due to the step height
increase was similar to the previous case, but there was no sign
of any transition as formerly occurred in the droplet migration.

The influence of the slip boundary condition was
examined by considering the slip length in a range from
zero (no slip) to larger values. Consistent with the results of
the coarsening on homogeneous and chemical substrates, the
slip enhances the dynamics and boosts the speed of droplet
migration, but a transition occurs in the droplets migration
direction when the no-slip condition is changed to the slip
regime.

Decreasing the surface wettability accelerates the
dynamics and weakens the influence of the DJP force on
the droplet migration. The last investigated parameter was
the form of the disjoining pressure, and it was shown that
for both types of the DJP (the minus and the plus cases)
increasing B (one of the pair parameters of the DJP) enhances
the dynamics. For the minus case the drops move in the
positive direction of the horizontal axis, while the movement
is in the opposite direction for the plus case. An approximate
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Figure 16. The effect of (B,C) of the plus disjoining pressure on the coarsening dynamics. The equilibrium contact angle is fixed for all
the cases θeq = 90◦. The radius and height of the larger droplet are twice those of the smaller one, with values of 10 and 5, respectively. The
step height is 5 and both the droplets are positioned at a distance 10 from the step (L1,L2 = 10).

model of the DJP for the step topography was also considered
and the results were compared with those of the more accurate
model. The mass evolution of the droplets is almost the same
for both of the models, but a huge difference is observable in
the droplet migration.

To have an approximation of the time scale, we consider
that the time is scaled by µb/(C̃σ). Taking typical values of b
and σ as 1 nm and 0.01 N m−1, respectively, and considering
C̃ = 3 and t∗ ≈ 30 000, the time can be obtained as a function
of the viscosity t = 10−3µ. Then, considering µ between
0.1 Pa s and 100 Pa s, the time ranges from 100 µs to 0.1 s.
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