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min
∑
i,j

cijxij

n∑
j=1

xij = 1 ;∀i = 1, . . . , n

n∑
i=1

xij = 1 ;∀j = 1, . . . , n

xij ≥ 0 ;∀i, j

• Integrality Constraints are not necessary

? using Totally Unimodular Matrices Theorem

? similarity to Hitchcock problem

? Direct proof
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Solving The Problem
• This is a special case of Hitchcock Problem

• Can be solved using Alphabeta

• Simplicity and improvement in running time

• The DRP becomes an unweighted matching problem using theadmissible
edges

• admissible edgesare those edges for which we have

cij = αi + βj
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• So, RP simplies as follows

max
∑

ij

xij∑
j

xij ≤ 1 ; ∀i∑
i

xij ≤ 1 ; ∀j

xij = 0 ; ∀i, j : αi + βj ≤ cij inadmissible edges
xij = 1 ; ∀i, j : αi + βj = cij admissible edges

• Which is recognized as a maximum matching using only the admissible
edges

• If this graph does not have a perfect matching, we have to change the dual
variables,αi andβj
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Alphabeta (Cont’d)
• Let X andY be the upper and lower partitions of the graph

• Let U be free vertices ofX

• Let S andT be vertices ofX andY which are reacheable by alternating
paths fromU

• Computeθ as follows

θ =
1

2
min
i∈S
j /∈T

{cij − αi − βj}

• Add θ to dual variables ofS andY −T and subtract it from dual variables
of X − S andT

• No matching edge will get inadmissible in the process

• No edge fromS to T will get inadmissible

• At least one new admissible edge will be formed fromS to Y − T



Algorithm
1. Initialize

αi = 0

βj = min
i
{cij}

2. while there is an unmatched vertexdo

(a) Try to find an augmenting path using only admissible edges

(b) if no augmenting path is foundthen take this minimum and update the
dual variables accordingly

θ = min
i,j
{cij − αi − βj}

wherei is reacheable through alternating paths andj is not
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Running Time Analysis
• Initialize takesΘ(n2)

• Loop repeats at mostΘ(n) times

• At mostΘ(n) successful search

• At mostΘ(n2) unsuccessful search

• Each search takesΘ(n2) time

• Total run-time isΘ(n4)
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Faster Algorithm
1. Initialize

αi = 0

βj = min
i
{cij}

slackj = 0

2. while there is an unmatched vertexdo

(a) Try to find an augmenting path using only admissible edges

(b) if no augmenting path is foundthen

i. take the minimum and update the dual variables accordingly
ii. continuesearching for the path

(c) Augment along the path

• The Crucial point is how to findθ quickly
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Faster Algorithm (Cont’d)
• We maintain an arrayslackwhere for a vertex ofY − T is defined as

slackj =
1

2
min
i∈S

{cij − αi − βj}

• Using this array, findingθ can be done inΘ(n)

• How to maintain the array?

• Two occassions thatslackmight need a change

1. New vertex added toS

? We can updateslack in Θ(n)

2. changingαi or βj

? update inΘ(n) by subtracting2θ from slackj ≥ 0

• Each case occursO(n) in a search

• This gives a total ofΘ(n2) for each search

• And Θ(n3) for the whole algorithm
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Duality
• What is the Dual?

• Dual of Maximum unweighted matching was minimum vertex cover

• Here, we have minimum weighted vertex cover. Assign nonegative weights
to vertices such that the sum of numbers at the ends of an edge is not less
than the edge weight

• Government Problem.Due to technical problems, the Government wants
to stop all farms and plants from working, spending minimum amount of
money. It has to give some money to each farmer so that he will not farm
anymore, and some to each factory so that it would not work anymore. If a
farm and a plant can gain more money as the profit of processing the farm
output in the plant, they will not accept government money and continue
working. Obviously, the government wants to achieve the minimum cost.



Any Questions?

THE END


