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Controlling Best Response Dynamics
for Network Games

MohammadAmin Fazli

, Abbas Maazallahi, Jafar Habibi, and Moslem Habibi

Abstract—Controlling networked dynamical systems is a challenging endeavor, specifically keeping in mind the fact that in many
scenarios the actors engaged in the dynamism behave selfishly, only taking into account their own individual utility. This setting has
been widely studied in the field of game theory. One way we can control system dynamics is through the use of control parameters that
are at our disposal, but finding optimal values for these parameters is complex and time consuming. In this paper we use the relation
between network structural properties and control parameters to create a mathematical model that speeds up the calculation of the
aforementioned values. For this, we use learning methods to find optimal values that can control the system dynamics based on the

correlation between structurally similar networks.

Index Terms—Networks, best response dynamics, game theory, control problems, machine learning, heuristics

1 INTRODUCTION

CONTROLLING dynamical systems, that is being able to
guide such systems towards states with desirable out-
comes, is a challenging and complex endeavor. The impor-
tance of these systems and the noticeable roles they play in
various scientific fields make this issue one which has seen
ever growing contributions from the scientific community.
Specially, the growth of networked dynamical systems and
their inherent complex internal interactions has attracted
the interest of many researchers [1], [2], [3], [4]. In net-
worked dynamical systems, a connected underlying struc-
ture of interconnecting links is present and thus an
interdependence between the behaviors of individual actors
who are involved in the system can be seen [5]. In such sys-
tems, the behavior for each actor depends not only on his
own actions, but also on the actions chosen by other actors.

In this paper, we consider the problem of controlling net-
worked dynamical systems that have individual, intelligent
and selfish actors. This is the case in many sociological and
economical contexts. In such systems, each actor usually
undertakes actions keeping in mind his own benefit. Con-
trolling the state of the system under such an assumption
without forcing or guiding the individual actors in some
way is not an easy task. Game theory is a mathematical way
to study interactions between selfish agents in such contexts
[6], [7]. It has many applications in such diverse disciplines
as economics, political sciences, physics and biology [8].
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In game theory, we model interactions between individ-
ual agents as a game where each agent is a so-called player.
Each player has a utility function which he tries to maxi-
mize by deciding on an action to take. The basic assumption
in classical game theory is that each player acts rationally
whilst at the same time assuming that other players also
behave similarly [9]. One of the subbranches of game the-
ory, commonly referred to as network games, is devoted to
the study of different aspects of networked systems such as
topology formation, routing and congestion control [10],
[11], [12], [13]. These network games, in which players are a
network’s nodes, are the main focus of this paper.

The classical setting of game theory is static; that is all deci-
sions are made in one step. Conversely, dynamic paradigms
of game theory such as evolutionary game theory and
repeated games focus more on the dynamics of changes in
player actions, i.e., how games evolve. These paradigms have
proven to be invaluable in helping to explain many complex
and challenging aspects of different disciplines [14], [15], [16].
Best response dynamics is one of the simplest and most
straightforward game dynamics in which each round a player
is chosen, updating his action to the one which is most benefi-
cial for him. Using such game dynamics, players are sequen-
tially best responding to the current game setting [17], [18],
[19]. This process continues until it converges to an equilib-
rium where no player wants to deviate from the current set-
ting, called an output of the dynamics.

In this paper, for a given game on a networked dynamic
system, we want to guide the player’s actions so as to reach
a state which is most desirable. Since the individual steps of
the game and its outcome are formed by the decisions made
by the selfish nodes, controlling this best response dynamics
is a very complicated task. The only way to impact the game
is to change some of its global configurations (e.g., setting
prices or determining each player’s turn). We assume that
these configurations can be changed using predetermined
global parameters. Obviously these parameters should not
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be impacted by the decisions and actions of individual play-
ers. We call these global parameters, control parameters.

To measure the desirability of a state, we use an objective
function. Therefore our target control problem can be
described as an optimization problem, where we search for
control parameter values maximizing the objective function.
The usual methods for solving such classes of problems
involve searching for the control parameters’ values and
simulating their best response dynamics. The control param-
eter values that lead to the most desirable equilibrium
amongst the reached equilibria, in terms of our objective
function, are then chosen. These methods have an excruciat-
ingly long runtime as many different values must be exam-
ined and subsequently simulated to reach the optimal
convergence. This limits their usefulness in many real-world
application scenarios.

In this paper we show how a network’s structural prop-
erties can be used to noticeably decrease the computation
time of the above optimization problem. To this end, we
propose a method to derive a mathematical model which
computes the control parameters directly from the struc-
tural properties of network nodes. Using this model, instead
of running a time consuming optimization algorithm, we
can compute the network’s structural properties and use
the mathematical model to find a set of parameter values
which can lead to the most desirable outcome in terms of
the defined objective function. To prove the effectiveness of
this method, we try it on different test networks using vari-
ous learning algorithms and show that in all cases, the desir-
ability of the outcome is acceptable.

1.1 Setting

Before going any further, we must at first formalize our
model’s setting. A normal form game is defined as a tuple
(P, A,U) where:

P ={p1,pa,...,pn}is the set of n players,

A=A x---x A, where 4; is a finite set of actions
available to p;. Each vector a = (ay,...,a,) € A is
called an action profile,

o U= (up,ug,...,u,), where u; : A — R is the utility

function for p;.

Obviously, each player can only change his own action,
so for simplicity when dealing with player p;, the action pro-
file a is written as (a;,a—;) where a-; = (a,..
., ay), consisting of all the components of a except a;.

-+ Ai—1,
Qjy 1y - -
Thus the utility function of p; can be defined as u;(a;, a_;).
The utility function of each player i, u;(-), is calculated
using a gain function g;(-) and a loss function /;(-) as follows:

VaeAUi(au a—i) = gi(a;, a—i) - li(az, ai).

The gain and loss functions have natural economic interpre-
tations and can be computed efficiently. The gain function
measures the amount of benefit received by a player due to
the nature of the game. The loss function measures the costs
incurred by each player for choosing his desired action and
is parameterized with cost parameters.

Each player tries to choose an action which maximizes
his utility function, i.e., a best response to the actions chosen
by other players. We define BR;(a_;) to be the set of actions

x € A; for which w;(x, a_;) is maximized. An action profile a
is called a Nash Equilibrium when

View © ai € BRi(a_;).

In best response dynamics, at each step a player p; is chosen
(according to an activation rule such as uniform random-
ness), and the player’s action profile (a;,a_;) is updated to
(a},a_;), where o] is one of the actions which grants the
most beneficial deviation for p; in terms of the utility func-
tion wu;, i.e., a; € BR;(a_;). This process continues until the
game converges to a Nash-equilibrium.

In this paper we are interested in network games in
which the actions of players form a network between them.
In such games, the players are the network’s nodes and
each action profile defines a different network (with a differ-
ent state). So clearly the utility function maps each possible
network to a real value. The players’ set of actions consist of
those which change this network and its state. The best
response of player ¢ changes the network to one with the
most desirable structure and state for him, i.e., the network
which maximizes the value of u;.

A best response dynamic for a network game G on a net-
work N is defined as a process Dgy = {N'},_,, ., where
N%=N and each N’ for (t > 0) is the network evolving
from N=Y as follows. One player p; € P is chosen based on
an activation rule and changes the structure and state of the
network according to his best response action.

It remains to define the activation rule. Here, we assume
that a subset of nodes are chosen to be active during the
game and these players take turns in an arbitrary order.
Therefore the activation rule of Dg y is defined by two ele-
ments Tp and wp. Tp C P is the set of active players (nodes).
We assume that only nodes in 7)) can be activated during
the dynamic. 7p is a permutation of 7’s members (an onto
and one-to-one function from {0, ..., |Tp| — 1} to Tp) which
defines the order of nodes. We say that a sequential best
response dynamic Dgy has converged when for a T' > 0,
NT is a Nash-equilibrium. From the definition, we have
NT _ NT+1.

In this paper, we are trying to assert influence on a best
response dynamic Dgy. In Dgy each node takes selfish
actions. So, the only possible strategy for us is to adjust the
global control parameters of Dgy whose values cannot be
affected by the network nodes. Using such a strategy we try to
make Dgy converge to a more desirable Nash-equilibria
whose desirability is measured by an objective function
f: N — R (W is the set of all possible networks), therefore we
want to maximize f(N?) where N7 is the converged Nash-
equilibrium of Dg y. Here we assume the cost parameters
(which are embedded in every node’s loss function and are
show here by )\;) and activation rule parameters, i.e., parame-
ters for determining the active set (7)) and for determining
the activation order (;rp), are under our control.

1.2 Our Contribution & Related Works

The context of this paper can be categorized as a control the-
ory problem [20], [21]. The usual objective of control theory is
to control a dynamical system (discrete or continuous) in
order for its output to follow a desired reference. This theory
teaches us how to build a controller for a system. This
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controller continuously monitors the output of the system
and computes its difference with a desired reference (which is
called the error). Using the value of the error, the controller
computes the related values of the system parameters and
adjusts them in order to close the gap between the output and
the desired reference. This field has long been of interest to
many researchers and has a rich literature [22], [23].

One of the most relevant classes of control theory problems
to the overall setting outlined in this paper is called optimized
control theory [24], [25], [26]. This theory reduces a control
problem to an optimization one with a cost function that is a
function of the system state and control variables. An optimal
solution to this problem leads to a control policy. Use of opti-
mization algorithms, such as genetic algorithms, is a routine
method for computing the parameters of the control policy
[27], [28], [29]. Such methods must check a great number of
different parameter values. In our problem context, running
such checks requires very time-consuming simulations,
because to compute the resulting objective function for each
set of parameter values, the simulation needs to converge to a
Nash-equilibrium. Thus, such existing methods are impracti-
cal in even simple simulation scenarios over small networks
and are not applicable in many real world situations, specially
when we need instant controller responses.

As an alternative one can investigate the intuitive relations
between the solution context and the properties of the net-
work to conduct the computations needed for faster obtain-
ment of the optimal solution. Such an intuition has been used
in many works in different fields such as complex networks,
graph theory and operations research [30], [31], [32], [33]. One
of the relevant aspects of dynamical systems on complex net-
works which has been studied with this approach is their con-
trollability. The controllability of a dynamical system is
defined as the number of required control signals to drive the
system towards some desirable state. Studies have found cor-
relations between controllability and the structural properties
of complex networks [1], [2], [34]. Thus one can use these find-
ings to find optimized control signals in shorter times or
enhance the controllability of dynamical systems by some net-
work structural perturbations [3].

In the context of this paper, because multiple agents are
selfishly interacting, the complexity is high and finding the
relation between optimal values and network properties is
difficult. We show how learning algorithms can be used to
find such hidden relationships between optimal control
parameter values and network properties and derive a
mathematical model to map them. This idea can also be
used for other network optimization algorithms where no
intuitive relation between the solution context and network
parameters exists.

Another related field to our work is the field of Mechanism
Design in classical game theory and economics [35], [36], [37].
This field deals with games of private information in which
each player has a secret information (called its type). A player
(that is called the principal) designs the game mechanism
based on some objective functions (e.g., social welfare or
truthfulness). The players report their type (truthfully or not)
and the mechanism is executed, benefiting each player based
on his reports and the designed mechanism.

We present our framework in Section 2. As discussed
earlier, the aim of this framework is to learn a mathematical

model which maps network nodes’ structural properties
such as degree and clustering coefficient to the nodes’ con-
trol parameters. We call this mathematical model the
NSP2CP model. We test different learning algorithms and
show that all of them are effective in finding hidden rela-
tionships between the control parameters and network
properties. Then we show the efficiency of these models by
simulating different best response dynamics (see Section 3)
over different networks with the parameters generated by
the model.

2 FRAMEWORK

In this section, we propose a framework to derive the
NSP2CP mathematical model which computes control
parameters from the structural properties of an input net-
work. The outline of this framework is shown in Fig. 1. The
main intuition behind the NSP2CP framework is that if we
can derive a mathematical model which relates the struc-
tural properties of a given network (called the training net-
work) to the optimized control parameter values, based on
inductive reasoning, we can broaden its application to other
networks with similar properties. Therefore we can induc-
tively extend this relation to other networks and use it to
find their best control parameter values. This is based on
previous research showing that many complex networks
share similar structural properties [38], [39]. Since in our
problem multiple agents are selfishly interacting, we are
faced with high complexity and therefore finding the rela-
tion between the optimal values and network properties is a
complicated task. Hence, instead of directly probing this
complicated relation, we use learning algorithms to extract
it, calling this the NSP2CP mathematical model.

We first model each control parameter by normally dis-
tributed random variables. We assume that each cost
parameter )\; is sampled from a normal distribution with
average 1} and standard deviation o7. T} (the set of active
nodes in the best response dynamics) is modeled by a n-bit
binary string § = 8,85 . .. §,, for which each

1
5=1,

To compute §;, we pick a random sample §' from a normal dis-
tribution A”° with average 1’ and standard deviation o? and
put$; = 1if and only if § > 0.5. Finally, 7p = w75 ... 7, (the
order of players’ activation) is a permutation which maps
each network node to a unique order from {1,2,...n}. We
model this permutation with a matrix & whose entries 6, ; are
defined as

if v, €Tp
if Ui % TD.

it 5t (v) < 7t (v)
N 5t (v) > 75 (v;).

We compute 6; ; with the same method used for §;, by sam-

pling from a normal distribution A ? with average u! ; and
standard deviation o? ;.

Our goal is to obtain a mathematical model (like a closed
formula or the neural network shown in Fig. 1), mapping
network structural properties to control parameters. For
example the formula shown in this figure calculates o7 ; as a
function of the betweenness of nodes i and j, based on the
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Fig. 1. Learning the NSP2CP mathematical model from the training network’s structural properties.

results of our framework which will be discussed below.
The framework starts with a training network N;.. In the
first step, the structural properties of N;, are computed. In
this paper, we consider five different properties: between-
ness, closeness, clustering coefficient, page rank and degree.
Thus, for each node v; of Ny, we have a 5-component vector
Py =<pi1,pip,...,pis>, where each p; ; determines one of
the computed structural properties of node v; in IVy,.

In the next step, an optimization algorithm is run to
search for the optimized control parameters of the best
response dynamics over N,. Assuming that N; has n
nodes, () +2n control parameters must be computed in
this step, which includes A; and §; for 1 <4 < n, and 6; ; for
1 <4 < j < n. Thus, to solve this problem, we must search
in a high-dimensional space where checking each point
requires a lenghty simulation. Hence, with a large size train-
ing network this optimization is infeasible. Therefore N,
should be a small network with diverse node properties. To
search for the optimal control parameter values, we use a
hybrid algorithm combining genetic and hill-climbing algo-
rithms [40] which will be introduced in Section 2.1.

Next, we use supervised learning algorithms to extract
the NSP2CP mathematical model. To do this, for each of the
parameters which correspond to a single node i.e., wt, o,
u® and o?, we construct a set of training data with n mem-
bers, each of which is a pair consisting of one of the P;s as
input and the optimal value for the target parameter for the
ith node as the supervisory signal. For example, the training
dataset for u* is formed as follows:

{<Propt(ny) >, < Pyopt(uy)>,..., <Py opt(u))>},

where opt(}) is the optimal value for i} in the training net—
work Computed by the optimization algorithm. To learn, “z
and a <+ which are related to two nodes, we use both P; and
P; as the input object, for example the training dataset for
(1] ; has the form

{<p, P, Opt(/‘l’?,j) > h<i<j<n-

The training dataset is fed to the learning algorithms to
derive the NSP2CP mathematical model. In this paper, we
test two different learning methods for this purpose: linear
regression (LR) and multilayer perceptron (MLP) [41],
described briefly in Section 2.2. The output of these methods
is a mathematical formula or a neural network which map
nodes” structural properties to control parameter values.
From now on, we can use this model for other (test) net-
works (Fig. 2). We only need to compute the structural
properties of each node and feed them to the models to
compute the control parameters. In Section 3, we show the
efficiency of these parameters.

2.1 Optimization Algorithm

For the optimization algorithm, we use a hybrid method
combining hill-climbing and genetic algorithms. These
meta-heuristic methods were invented to limit the search
space and reduce the runtime in exchange for losing the
assurance of obtaining the exact optimized value. Although
they have a much smaller runtime in comparison to brute-
force mechanisms, computing the objective function value
for each combination of parameter values in the search
space needs a complete simulation of the best response
dynamics until it converges to an equilibrium, which can
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Fig. 2. Computing a test network’s control parameters from the NSP2CP mathematical model.

take a long time, even on our chosen small scale training
network. For the Hill-climbing algorithm, we start from a
feasible solution, a point in our search space, and then itera-
tively move to one of its neighbors which locally maximizes
the objective function. We continue this process until we
reach a point called a local maximum, where none of the
available neighbors can grant a higher value to the objective
function then the one being provided by the current point.
One of these local maximum points is the global maximum.
It is a good technique to run the whole process with random
starting points (random restarts) to increase the probability
of reaching the global maximum.

We use a hill-climbing algorithm with 10 random restart
to find optimized values for \; variables. Thus our target
point is a n-dimensional vector with the form X =
<A, A2,..., A, >. We run this hill-climbing algorithm 30
times, each time setting Tp equals to the set of all nodes and
7p to a random permutation. We consider 2n neighbors for
each point A, where neighbors are obtained by increasing or
decreasing the values of components of A by o = 0.5. After
running all instances of the hill-climbing algorithm, we will
have 30 n-dimensional vectors for \. By calculating the
mean and standard deviation of the components of these
vectors, we will have the values for u) and o7 for each
1<i<n.

In genetic algorithms, a population of candidate solu-
tions (points) is evolved toward better solutions. This evolu-
tion is an iterative process where in each iteration, 3
operators are applied: mutation, crossover and selection.
Applying mutation and crossover operators generates new
solutions and adds them to the current population. The
mutation operator creates a copy from one of the solutions
and does some minor modifications on it. The crossover
operator picks two solutions and generates a new child
solution by combining their properties. The selection opera-
tor reduces the population by selecting some of the current
population for the next iteration and ignoring the others.
This is done in a way that solutions with a higher objective
function value are more likely to be selected and transferred
to the next iteration.

We use a genetic algorithm to search for optimized values
for np parameters. For 7p, we generate 100 random permuta-
tion as the initial population, each encompassing a potential
activation order for the nodes. In each iteration, we pick 50 of
the current population randomly and mutate them to gener-
ate 50 new solutions. We also select 50 random pairs from the
population and generate 50 new solutions by their crossover.
After these steps, we will have a population of 200 (100 from
the previous iteration, 50 mutated solutions and 50 child solu-
tions). Finally, we select 100 of the solutions for the next itera-
tion so that solutions with a higher objective function value
are more likely to be selected. After the convergence of the
population, where the maximum objective function value of
the population doesn’t change in two consecutive iterations,
we transform all the populations to their matrix form ([0; ;])
and calculate their mean and standard deviation to achieve
n! ;jand 02 ;- Consider that in all these steps, T} is equal to the
set of all nodes and J; is set to the optimized value of u? for
each 1 < i < ncomputed in the previous phase.

For the mutation operator, we pick two random nodes
and change their order in the input permutation. That is, if
the input permutation is 7w =my,...,m,...,7,..., 7, and
the random nodes picked are m; and 7;, the mutated permu-
tation will be ' =my,...,7;,...,7,...,7,. The crossover
operator gets two permutations 7! and 72 as input. To gen-
erate the child permutation 7/, it selects a random subset R
of nodes with £ members. The nodes in R will appear in the
first |R| positions of 7/ with the order defined by n'. The
remaining n — |R| nodes will appear in the last positions of
7' by the order defined by 7°.

To find the optimized values of Tp’s related parameters,
we use a genetic algorithm with the same approach we
used for wp. The search space consists of all n-bit binary
strings. The only difference is the mutation and crossover
operators. The mutation operator gets a binary string as
input, chooses a random bit and changes it to its negation.
The crossover operator gets two bit strings 7" and 7% and
selects a random subset R of {1,2,...,n} with ¥ members.
Then it computes the output bit string 7" by choosing the
values of locations in R from 77 and others from 75.

411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450

jury



451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475

477
478
479
480
481

483
484
485
486
487
488
489
490
491

493
494
495
496
497
498
499
500
501
502
503
504

506

6 IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL.5, NO.X, XXXXX2018

2.2 Learning Methods

As was mentioned earlier, in this paper we use two learning
methods, RL and MLP. In this section, we briefly explain
these learning methods. Learning algorithms are tools to
build an abstract model from an example input (which is
called the training data) in order to make predictions and
decisions. These models give us a general view of data,
which cannot be captured by looking at them separately.
The main approach of these algorithms is to first select a
mathematical model which intuitively has the ability to
explain the system behavior and then fit the observed data
into it. The fitting is done by defining an error function
which shows the deviation between the model and the data
and then by calibrating the model parameters to minimize
the error function.

Throughout this section we assume that we have n train-
ing data, each represented by a d + 1-dimensional vector.
Each of these training data is in the form <ux;,y; >, where
z; is a d-dimensional vector called the label and y; is its cor-
responding target value. The desired learned model M
should map each z; to y;. For example in our problem, z;s
are the vectors containing network structural property val-
ues and y;s are control parameters.

The linear regression method fits the training data into a
linear model

./\/l(ac) = wp + wizW + wyz® 4 - wgz?,

where z1) is the jth component of z. The LR algorithm
mainly tries to find w;s that minimize the following error
function by optimization techniques such as gradient
descent

n d

> (M) -

i=1 i=0

The first part of the above formula is the squared error func-
tion. The second part is called the regularization part and ¢
is called the regularization parameter which is used to avoid
over fitting the problem [41]. This model can be extended by
changing variables through applying different kinds of
functions, called basis functions, on the training data. For
example applying ¢(z) =1 on y;s and keeping z;s without
variable change, will lead to the following model:

1
wy + wir®) + w4

M(z) = @
A multilayer perceptron is a feedforward artificial neural
network which consists of a set of interconnected computa-
tional blocks which are called neurons. Each neuron does a
simple computation. Assuming that one of the neurons n*)
has k + 1 inputs Iy = 1,11, I5, ..., I}, it computes a weighted
linear combination of these inputs and then applies an acti-
vation function (which is usually a logistic sigmoid function
o(2) =1 +pr Tren—s) on them, activating the output when the
input has the enough amount of amplitude. Thus 07, which
defines the output of n", is computed as follows:

)

where 111(/ is the weights defined for n(?. Although the

modeling power of each neuron is very low, by networking
them we will obtain a very powerful model, specially when
a hidden layer is considered in its structure. To learn an
MLP model, we should find optimum neuron weights wfl-z)
in order to minimize the squared error function. The back-
propagation method is an efficient technique devised for

this purpose [41].

3 EVALUATION

In this section, our goal is to evaluate the performance of the
NSP2CP framework. For this purpose, first we choose some
network games and formally define in our settings. Then
the evaluation methodology is described and finally the
results are presented and analyzed.

3.1 Target Network Games

In this section, we describe three common network games and
define them formally in our settings. These network games
are used as a basis for our experiments in further sections.

3.1.1 Community Formation Games

Understanding the formation and evolution of overlapping
communities in networks is one of the active lines of
research in network sciences which has applications in soci-
ology, criminology, social marketing and many other fields
[42], [43], [44]. In order to study issues such as these in
multi-agent and dynamical settings, community formation
games have been proposed [10], [42].

In this paper, we consider the community formation
game proposed by Chen et al. [10] which uses Newman’s
modularity function [45] as the nodes” gain function. Here,
nodes like to increase the number of their inter-community
relations and decrease the number of their intra-community
relations. We assume that, on the other hand, we don’t want
the network to converge to a collection of separated commu-
nities, preferring the network structure that allows high
speed dissemination of information between communities.
We now formalize all these aspects in our setting.

The best response dynamic for this community formation
game on a network N is stated as follows. Each node v;
chooses a set of communities ¢; C C and enrolls in them.
His aim is to maximize his local modularity, which shows
the degree to which v; has inter-community interactions in
comparison to intra-community interactions. In the work
done by Chen et al. [10] the following gain function for
node v;, when his action is ¢;, is proposed

1
gi(N) == >~ (A, 0)3(vi, )
m
v;EVN
degy (vi)degy (v;)
-  anal),

where

e mis the number of N’s edges,

1 there is an edge between v;&wv;
® A(Ui: Uj) = { 0 o.w. s !
1 ifegne #0
° 8(’02‘,1)]‘) = {O O.W. ! ?é
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a

Fig. 3. Possible undirected triad in a signed network. Full and dashed lines represent positive and negative relations respectively.

The loss function of each node v; is simply defined as
li(N) = A\ci| where )\; is the cost of enrolling v; in each
community.

As mentioned before, we assume that we want to
increase the speed of information dissemination between
communities, which can be measured by computing the
closeness of these different communities to each other. To
do so, we first build a weighted complete graph
G¢ = (Vo, E¢) from the Nash-equilibrium network N, cre-
ated from an action profile using the following procedure:

1)
)

Define Vo = U .oy i
For each p, q € V¢, the weight of the edge between p

and ¢ in G¢ is set to T where ¢, , is the number

of edges in IV that exist between nodes enrolled in p
and ¢ and v, , is the number of N’s nodes which are
enrolled in both p and q.

f(N) is computed from G¢ by the following formulation:

} -1
where distg,(p,q) is the weighted shortest path between p
and ¢in Ge.

f(N

Z distg,, (p, q

Ve

\VC|

3.1.2 Network Creation Games

Complex networks have known structural properties such
as low average distance, high clustering coefficient and
power-law degree distribution. Many researchers have con-
centrated on building network models which capture these
properties [46]. Network creation (formation) games have
been devised as a multi-agent model for this aim [47], [48],
[49]. In this paper, we consider the network creation game
proposed by Brautbar and Kearns [11] in which nodes try to
maximize their clustering coefficient. The clustering coeffi-
cient of a node is the proportion of edges that exist between
the node and neighboring vertices to the number of links
that could possibly exist between them.

Each node v; can decide on the existence of his neighbor-
ing edges. The gain function of node v; is defined as

~ An(vy)
N (degg(w)) '

The loss function is simply the cost of purchasing edges,
ie.,

9i(IN)

li(N) =\ degN(Ui)v

where ); is the cost of purchasing each edge for v;.
For this game, our objective function is defined so as to
capture the fact that we want the nodes of the Nash-

equilibrium network as close as possible. Thus for a Nash-
equilibrium N of this game we define f (N) as N’s closeness

Ly

n, = disty( v,,vJ)

where disty (v;, v;) is the length of the shortest path between
v; and v; in the network V.

3.1.3 Signed Network Formation Games

Signed networks are networks in which edges are labeled as
either negative or positive. The semantic of these labels is
related to the context in which the network is defined.
Signed network formation games have been defined similar
to network creation games as a way to study the evolution
of signed networks. The signed network formation game
that we focus on here is based on the theory of structural
balance in networks [50]. Structural balance theory
describes attitudes of individuals to reduce cognitive disso-
nance among each other. When nodes set up dyadic rela-
tions that contain both positive and negative interactions,
four different types of triad relations can be created (Fig. 3).
In conformity to this theory, we can classify these triangles
into 2 classes: balanced and unbalanced. Triads (a) and (c)
are balanced and relatively stable, but triads (b) and (d) are
unbalanced and susceptible to break apart.

Each node v; can decide on the existence and subse-
quently sign of his neighboring edges. The node’s utility is
defined as a linear combination of the number of balanced
triangles and unbalanced triangles he is involved in

gi(N) = Ay (vi),
and
Li(N) = Ai - Ay (vi),
where

e A"(v) is the number of balanced triangles of N v; is

involved in.

e A7 (v) is the number of unbalanced triangles of N v;

is involved in.

e ); is a parameter which defines a cost for nodes

when they contribute to an unbalanced triad.

Nodes tend to have more balanced relations, so they try
to manage their relationships in order to maximize the num-
ber of balanced triads they are involved in, but stable signed
networks can have some unpleasant properties. It has been
shown that when networks have no unbalanced triad, its
nodes can be partitioned into two subsets wherein edges in
the same subset are all positively labeled and the edges
between different subsets are negatively labeled [51]. This
creates a bipolar structural with two rival groups of united
nodes which are enemies of each other, which in many
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TABLE 1
Properties of the Training Network

Property Average Standard Deviation
Degree 4.6 3.940
Clustering Coefficient 0.11 0.578
Betweenness 46.47 99.270
Closeness 0.129 2.18 x 1073
PageRank 0.029 0.022
TABLE 2

Test Networks
Test Network ~ #Nodes  #Edges Reference
Dolphin 62 318 Lusseau et al. [53]
Jazz 198 5,484 Heckathorn et al. [54]
Netscience' 379 1,827 Newman [55]

A i
My
i f!’;" |

i
Hill

Objective Function Values
4 4 a4 A
w r» OO N O

)

o]
o

100

50

Iterations 0 o0 Population

Fig. 4. Our genetic algorithm implemented for optimizing the n? control
parameters for the community formation game.

contexts is not a desired property. One of the best analysis
of World War I is based on the formation of a such bipolar
structure in international relationships between the six
main warring countries [5]. Thus here we want the Nash-
equilibrium network N as unstable as possible, so we define

f(N) = A,Aﬁ, where Ay, and A} are the number of unbal-
NTAN

anced and balanced triangles in N respectively.

3.2 Training & Test Networks

In our framework, nodes’ structural properties (degree,
clustering coefficient, betweenness, closeness and pagerank
are chosen) are used for learning control parameters. For
this purpose, we first should choose a training network and
we should focus on these properties. As we previously saw
in Section 2, our training network must be small and contain
diverse node properties. With this in mind, we chose
Zachary’s karate club-network [52] with 34 nodes and 78
edges as the training network. The properties of this net-
work are depicted in Table 1.

For testing our framework we should choose different
test networks. Since we want to run the optimization algo-
rithm on these networks to compare our framework with it
(the best possible output) and this algorithm is very time

Hidden

Output

Fig. 5. The MLP model trained for the 1.¢ and o? variables.

Best Validation Performance is 0.010159 at epoch 31
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Fig. 6. The convergence diagram for the MLP shown in Fig. 5.

consuming, test networks should be small. It is important to
notice that running this algorithm even on these small net-
works takes many hours. So three small networks which are
important in social network research are chosen as our test
networks (See Table 2).

3.3 Simulations & Results

In Section 3.1, we choose three different network games to
evaluate the NSP2CP framework. So for each of these games,
the framework’s mathematical models must be learned. To
do this, as it is depicted in Fig. 1, we should first run the opti-
mization algorithm (see Section 2.1) on the training network.
The output of this long-time running algorithm is the best set
of control variable values we can achieve for the training
network’s nodes. In Fig. 4, we have shown an example for
the behaviour of the genetic algorithm used for finding the
best values for u! control parameters. This figure shows how
the objective function values for the population in the com-
munity formation game are effectively increasing during
this phase until they converge to their optimums.

In the next step of our framework (See Fig. 1), the struc-
tural properties of the training network’s nodes are com-
puted and alongside with the output of the optimization
algorithm, are fed into a learning algorithm (see Section
2.2). This learning algorithm should calculate a model for
the fast computation of control variables. For implementing
these learning algorithms Matlab’s standard toolboxes are
used. For example for learning the MLP model, the Neural
Network toolbox is used which gets the number of neurons
in the hidden layer (we used 10) and then builds and trains
the desired MLP model. The resulting trained network for
calculating activation parameter variables is depicted in
Fig. 5. This network is trained for 31 epochs where the vali-
dation error reachs its least value. The convergence diagram
during this phase is depicted in Fig. 6.

Finally, for each network game and each test network, we
consider the following test scenarios and compare their
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Fig. 7. Testing NSP2CP for the community formation game on Dolphin
network.

results. Each scenario is run using a different method. Among
these methods, the LR and MLP models are derived from the
NSP2CP framework. As described in Section 2, in these sce-
narios the trained mathematical models are used to compute
the control signals. These mathematical models (a closed for-
mula or a neural network) can compute the control signals
from the structural properties of each test network instantly.

e LR Model: the value of control parameters are com-
puted from the LR model. The LR model is a set of
closed formulas which map the structural properties
of nodes to the average and standard deviation of
control parameters. These formulas are obtained by
the linear regression algorithm.

e MLP Model: the value of control parameters are
computed from the MLP model. This model is a set
of learned neural networks which take the value of
nodes’ structural properties and compute average
and standard deviation of control parameters. These
neural networks are learned by the multilayer per-
ceptron algorithm.

e  Optimization Algorithm: the value of control parame-
ters are computed by running our optimization algo-
rithm on the test network. Running an optimization
algorithm for each instance of the problem (for each
test network) is a typical but time consuming way to
compute the control parameters. It is trivial that the
control parameters computed by this method are
always better than the previous two methods, because
the LR and MLP models are learned from the output
of this model. Since for the best response dynamics
there are many such parameters, using this method
for controlling them is very slow and therefore infeasi-
ble. Our goal for running this scenario is to compare
the optimality of this method with NSP2CP driven
algorithms.

e Random Assignment: the value of control parame-
ters are chosen randomly. One can hypothesize that
the optimality and effectiveness of the LR and MLP
models can be by chance, i.e., any random assign-
ment to the control parameters can result in such
optimality. This scenario is used for comparison and
to reject this hypothesis.

We run 100 simulations (on a machine with 8 GB of RAM
and a Core i3 processor running at 3.3 GHz) for each of the
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-
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Fig. 8. Testing NSP2CP for the community formation game on Jazz
network.

above scenarios (methods) for each network game on each
test network. For each simulation, we derive the value of
the control signals by sampling from the normal distribu-
tions whose mean and standard deviations are determined
based on the chosen scenario.

While the optimization algorithm scenario needs a very
long time to converge and find optimal control parameters, in
the LR and MLP scenarios the control parameters are calcu-
lated instantly. The charts in the paper show that although
these models are very fast, their outcomes are comparable to
the time intensive optimization algorithms. We use box plots
to compare the values of the objective function in different
scenarios. The results are shown in Figs. 7, 8, 9, 10, 11, 12, 13,
14, and 15. Each figure is related to one of the games intro-
duced in Section 3.1 and one of the test networks (See Table 2).
As can be seen from the box plots, the results of our proposed
model compare favorably to the results that can be achieved
using the optimization algorithm, which takes many hours to
complete. So whilst our results behave much more optimally
than the random assignment scenario and also in many cases
are close to the optimized algorithm, we have nearly instanta-
neous output of the control parameter values.

By the above simulation scenarios, we show that using a
learning algorithm to calculate control signals from the net-
work structural properties has a tremendous effect on the
time and optimality of the control signals. We still have to
face a new question: which learning algorithm? Our experi-
ment shows that it only depends on the game. As it can be
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Fig. 9. Testing NSP2CP for the community formation game on Nets-
cience network.
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Fig. 10. Testing NSP2CP for the network creation game on Dolphin
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Fig. 11. Testing NSP2CP for the network creation game on Jazz
network.
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Fig. 12. Testing NSP2CP for the network creation game on Netscience
network.

seen from the Figs. 7, 8, 9, 10, 11, 12, 13, 14, and 15 for all
three test networks, the linear regression algorithm has
better performance for the community formation and the
network creation games. On the other side, the multilayer
perceptron model is better for the signed network formation
game for all three test networks. This may be because of the
opposite directions of the utility and the objective function
in this game, i.e., if a node increases her utility function, she
may decrease the objective function.

4 CONCLUSION

Controlling complex dynamical systems involving many
agents is a complex and challenging problem arising in

0.5
0.451

(=4
B
T

o

L

w
T

Objective Function
=
Ba (=]
o w
—

bt
)
T

015

0.1fF

L L

Random Assignment LR Model
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Fig. 15. Testing NSP2CP for the signed network formation game on
Netscience network.

many fields, specially when the involved agents are rational
and selfish. A classical but time consuming method for cal-
culating control signals in such systems is to use optimiza-
tion algorithms to find best values for these parameters. The
problem is that in many scenarios when the number of con-
trol signals increase the running time will also increase
exponentially, specially when meta-heuristics are used.

In this paper, we focus on one of the simplest game theo-
retical dynamical systems called best response dynamics
whose agents are connected through a network. Since such
systems are very complex, controlling them involves a high
dimensional search space needing an optimization algo-
rithm with a large run time. Another problem when dealing
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with such systems is that even with a given set of parameter
values, calculating the objective function requires a lengthy
simulation, where probing each point is very time-consum-
ing. Taking these two problems into account, classical meth-
ods are impractical and inefficient in many instances.

In this paper the NSP2CP framework was introduced
which uses the relation between structural properties of a
given network and control parameters to derive values for
the control parameters. As was shown, our method yields a
good enough result in a fraction of the time of classic meth-
ods. In this framework, we use typical learning algorithms
whose main goal is to find patterns in data and abstract it
by mathematical formulations.

Our approach can be used in other researches which try
to study different properties of complex networks, specially
when it is desirable to find correlations between them. With
learning algorithms, one can not only find complex correla-
tions but also extract an exact formulation which can also be
used for other important goals such as optimizations and
analytical studies.

As far as we know, this paper is the first which considers
controlling game theoretical dynamics over networks.
Many follow-up works can be proposed for this paper
which are interesting and also have applications in different
fields:

e We have focused on best response dynamics which
simply assumes that players have no memory and
do not become experienced when the game goes on.
Considering more natural dynamics [56], [57] which
considers players with learning powers are more
challenging and also more interesting.

e It has been shown that there exists a subcategory of
games in which computing the best response is NP-
Hard [12], [58], thus even a computer with high com-
puting power can not feasibly find the solution. Play-
ers in new game theoretical models are satisfied with
approximate best responses which are not optimal
but are guaranteed to be near the optimal value [59],
[60]. Controlling the dynamics defined over these
models can be an interesting follow-up.

e In our model we used a limited setting including a
small training network and a small number of struc-
tural properties. We can predict that better results
can be achieved by using this framework with
extended settings.
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