Finite Control Volume Analysis

Conservation of Mass

b=

B = Total amount of mass in the system
mass per unit mass = 1

Moving from a System to a Finite
Control Volume
« Mass

* Moment of Momentum
1. * Energy

®&@ - Linecar Momentum

* Putting it all together!
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Continuity Equation
mass leaving - mass entering = - rate of increase of mass in cv

Conservation of Mass
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j Pd¥-is constant 1/_//
4—.-—> v,

jp,V ndA+jp2V ‘h,d4 =0 4, \‘—'

IM/T

Unit vector i is normal

[PV ida =

m

~

to surface and pointed
out_of cv
|V iad4

T4

We assumed uniform £ on
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Continuity Equation for Constant
Density and Uniform Velocity

[ oV, hdd+ [ p,V, h,dd =0

esy

Density is constant across cs

—p V14, +p,V24,=0

|

14, =V 24, = Q [L¥T] Density is the same at cs, and cs,

VA, =V,4, = Q Simple version of the continuity equation
for conditions of constant density. It is
understood that the velocities are either

uniform or spatially averaged .

Example: Conservation of Mass?

The flow out of a reservoir is 2 L/s. ,

The reservoir surface is S m x 5 m. < :T
How fast is the reservoir surface I
dropping?
__9 : E |
J;pV «ﬁdAs=aF£pd% I
a% b
fv-haa=- 5,  Constant density
| dv-
Qui=@iw=- dt Velocity of the reservoir surface
0. - A, dh dh\_ 0
out dt dt A

Example: Conservation of Mass

* The flow through the orifice is a function of the
depth of water in the reservoir

+ Find the time for the reservoir level to drop from
10 cm to 5 cm. The reservoir surface is 15 cm x 15
cm. The orifice 1s 2 mm 1n diameter and is 2 cm
off the bottom of the reservoir. The orifice
coefficient 1s 0.6.

* CV with constant or changing mass.

* Draw CV, label CS, solve using variables starting
with V -id4 ? d¥v-
[oveaaa=-5 e

O = C4,/2gh

Example Conservation of Mass
Constant Volume




Example Conservation of Mass .
Changing Volume Example Conservation of Mass
ijﬁmA§=i{pd% . ’
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or “tor dt - dt -2 (0 15m)2 ((0 03 )1/2 _ (0 08 )1/2)
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VoA =0, (0. 6)()./2 (9.8m/s*)
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Linear Momentum Equation H Linear Momentum Equation
DmV
DB, d sijV«ﬁd’A
Dy =§jpbd%+jpbv hd4 RT.T. bt 3
DmV
B=mV momentum b= ”;:{7 momentum/unit mass Dt
DmV _ i
7 t;{pV@HL+ ijv i dA
DmV
Dt

= ijv Ad4

teady state

DmV

sy,

= thphV -0, d4 + j V,p,V, -h,d4
esy, /—/

T ¥

== (pV4)V, + (p.V,4,)V

Dt
M, = (annAn )‘ﬁ = =(PQ )Vn

M2 =

Assumptions

>Uniform density
>Uniform velocity

(PszAz )Vz

Vectors!!!

V1A
vV, =(pO)V,

> Stead

=V fluid velocity




Steady Control Volume Form of
Newton’s Second Law

ZFEMEM +M
Dt 1 2

» What are the forces acting on
the fluid in the control volume?

DF=M,+M,

+ F
all)

2F:W+Fm+r«*m+r«*m

Tali

Linear Momentum Equation

DQF=W+F, +F, +F,
DYF=M,+M,
MH+MZ§W+FQI] K

The momentum vectors
have the same direction

as the velogity vectors

Example: Reducing Elbow

2
Reducing elbow in vertical plane with water flow of -r
300 L/s. The volume of water in the elbow is 200 L. Im
Energy loss is negligible. P1=150 kPa 1 3
Calculate the force of the elbow on the fluid. ) T
w=-1961 N 1

section 1 section2 M, +M, =W +F, +F, +F
D 50 cm 30 cm

4  0196m? 0.071 m? y

vV 133m/st 423 m/s—

P 150 kPa ? [

M -459N1 1269 N — Direction of V vectors -

F, 29400N7 _ 2

Example: What 1s p,?

2 2
&+ZH+L§&+ZQ+V7L
7 2g 7> 2g

v,: v,

(.53 m/s)”  (4.23 m/s)’

= 3 3 - -
P> = (150 x 10°Pa)+ (9810 N/m )[@ L 08 mist) 2(0.8 mis?)

P,=132kPa Fpp=-9400 N

J




Example: Reducing Elbow

Horizontal Forces
M,+M,=W+F, +F, +F

—
) —_
FS’XEM]I‘H‘MZ:w:FMh:F”)ZL g l\/.lz
Y

=3

Fm = MZ.X - F%x

me = (1269N )= (——9400N)

F, =10.7kN  Force of pipe on fluid L.x
Dina xxranta +a manxra +a tha 1afie

Example: Reducing Elbow
Vertical Forces

F, =M, + M/ -W,-F, - % 2

F, =M, -W,-F, | w
N

Pipe wants to move up X

Example: Fire nozzle

A small fire nozzle is used to create a
powerful jet to reach far into a blaze. Estimate
the force that the water exerts on the fire
nozzle. The pressure at section 1 is 1000 kPa
(gage). Ignore frictional losses in the nozzle.

8 cm r 2.5 cm

—
= =
===
=

Fire nozzle

Identify what you need to know
Count your unknowns
Determine what equations you will use




Find the Velocities

v

2
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2g

=2+z,+
4 2g 7y
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Y 2g 2g
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—p2|1-|22
P p2( (D])J

Fire nozzle: Solution

section I  section 2 — 2.5cm

D 0.08 0.025 m 1000kPa | ="

A m’  Which direction does the

P Pa nozzle want to go?

A" m/s  Is this the force that the
Fp N firefighters need to brace
M N against?

Fssx N force applied by nozzle on water

Q___ 1 L/s

Fo =M, +M, -W,-F, -F

Py P2y

Example: Momentum with
Complex Geometry

Find Q,, Q5 and force on the
wedge.
0,=10 L/s V, =20 m/s

F,=0

g 92
)

6,=100 6,=130° 6,=-50" &
p=1000 kg/m’

Unknown: ©y, Os, V3, V3, F,

5 Unknowns: Need 5 Equations

Unknowns: QZ» Q3» v, 2 V}» F‘ﬁ

Identify the 5 equations!
Continuvity O, =0, +0,

Bermnoulli (2x)

/ /7
A a4

Momentum (in x and y)

M, +M, + M, =W+FK +F +¥ +




V,=

egligible losses — apply Bernoulli

Solve for F

F.= M, + M, + M.

L.

Solve for Q, and O, Solve for O, and O,
M, +M, + M, E%%+%+%+ F, atmospheric pressure 0= é}*/sm 6, /é}}’z_,/ sin @, é}/ sin 6,
F,=0=M, + M, + M 0=-Q,sinb, +Q, sind, + O, sind
POV, sin@, + pO.V, sin @, + pO.V, sin @, *
¥ sin@= Component of velocity in y direction
Y
0,=0,+0, Mass conservation

V=V,

—siné, +siné
Q2:Q1( 1 )

(—sin@, +sinb;)

0,0, [- s‘in(IO) +sin(-50)]

[—sin(130) +sin(-50)]

POV, c0s8, + pO.V, cos @, + pO.V, cosé.
F, = pV[-0, c0s8, + 0, c0s8, + O, cosé; ]

~(0.01 m /s)cos(10)
F, =(1000 kg/m*)(20 m/s)| +(0.006133 m

* /s)eos(130)
+(0.003867 m” / s)cos(~50)
F =-226N  Force of wedge on fluid

Vector solution

M,+M,+M, =F

M | = |- pO,V,| = 200N

_

M ,|=|pQ,V,|=122.66N \
M 4| = |pQ,V,|= 77.34N

0,=10L/s
0,=6.133L/s
0.=3.867L/s

Qj, - Ql B Qz

0,=6.133L/s

0,=3.867L/s




Vector Addition

M, +M,+M,=F_

3 \%j
Where is the line of action of F_?

Given: Figure
Find: Horizontal force required to hold plate

2P4 _ [5%75000/999 =12.3m/s F =
P

T=15°C

[

in position I
Solution: JL
|
pA=75 kPa _I
V=ri
p Vi _p Vi
A, 4" A=FB 4B Fy ; [upd¥ + IMPV A
/4 2¢ vy 2g tcy
2 —F=YupV-A
Pa_Vi &
7o =Vp(-VA)

Example

Given: Figure
Find: External reactions in x and y T 4
directions needed to hold fixed vane.
Solution:

F,=— jupdv+ jupV A
dCV

F=YupV-A
CS

=V1p(-V14) + (V5 c0s30°) p(V2 4;)
F ==V, p(V; 41)-V, c0s30° p(V, 4y)
=—pO(V; +V, c0s30%)

=-0.9%1000%0.2(28 +27c0s30°)
F. =-9.25kN (to the left)

Example
— jvpdv+ [vpV -A
CV CcS
F, = SvpV-A
CS

= (-7,5in30°) p(V24y)

F =-V, sin30° p(V, 4,)
=—pQ(V, sin30?)
=-0.9*1000*0.2(27sin30%)

F, =-2.43kN (down)

POV =999%0.4*12.3=4.9kN




Example

D=30cm
0}

Vol=0.10 m*
W=500 N

Given: Figure e

Find: Force applied to flanges to hold pipe :: ,:, )
in place P=100 kPa, gage

Solution: Continuity equation
Q=N =04
V=0/4=0.6/(1*03%/4)=849m/s

Momentum

SF =L jupde+ upV A
dt cy cs
Fy+ pry+ pydy =Vp(=114) =Vap(Va 4p)

F, =-2(100,000)(7 *0.3% /4)— 2*#8.49%1000*0.6
F,=-24325N

ZFV=£ [vpd¥ + [vpV-A
©od cs

Example

«  Given: Water jet, 6 cm diameter, with
velocity 20 m/s hits vane moving at 7 m/s.

*  Find: Find force on vane by water.

¢ Solution: Select CV moving with the vane at
constant velocity. The magnitude of the
velocity along the vane is constant

Ny =Vydy =(V =V,)4
d -
SF,=— [updY+ [upV-A
dt cy Cs
—F =V =V)pl=(V =V,) 4]+ (V =V,)cos45° pl(V =V,,) 4y ]
=—(V =V,)? pA(1+cos45°)
=—(20-7)2(1000)(z *0.062 / 4)(1 + cos 45°)

XF, _d Jvpd¥ + [vpV-A
di cy cs

Fy =V ~V,)sind5° p[(V ~V,) 4]
=(V -V,)? pAsin45°
=(20-7)%(1000)(rr *0.06> / 4)(sin 45%)

t oy F,.=8157N F},:337.9N
Fy=Wy=Wy =0
Fy =500+0.1%9810=1481N
Sluice Gate Exercise:

Find: Force due to pressure on face of gate L

Solution: Shace gate Pressure ”
Assume: v, and v, are uniform (so pressure is | st~ o
hydrostatic) i | ::“
— 1 ¥ ::]_"L._ E
| ] £ |
| T
b e o e
L [
d - -
YF. == [updy+ [upV-A
dt cy cs

2E =vipl-vid [+ vy p[vr4; ]
P11 — Padr —Fg = pQ(vy —vp)

(2 nib) = yab) = Fg = Q0 =)

Fo = p00n =)+ 267 - 33)

5.14, 5.29, 5.31, 5.50, 5.52, 5.56




Continuity Equation

Reynolds Transport Theorem

B = My, (extensive)

aM
b= aB =— _(intensive)
dm
Ibpdv +YbpV-A
W Tt gy cs
0=4 jpdV+ZpVA 0=YpV-A4
dt cy cs
Unsteady Case Steady Case

1-D Flow 1n a Conduit

Continuity Eq.

— [pdV+ ZpV-A

dCV

1) Contral surface

Steady flow

0=YpV-A4
CS

Incompressible fluid
0=—Vj4 + Va4,
Nay =74,
01=0,

Momentum Equation

Reynolds Transport Theorem

dByys _d
= [bpd¥ + [bpV-A
dtdtcy cs .
stys sYS =

b= Velocity; s = System momentum “u = “a =>F

YF="" ijdV + [VpV-A

“digy cs

Vector equation -- 3 components, €.g., x V=ui+vj+wk

> F, _d [upd¥ + JupV -A
dt cy Cs




