Appendix B

Useful identities

Algebraic identities for vectors and dyadics

A+B=B+A (B.1)
A-B=B-A (B.2)
AxB=-BxA (B.3)
A-B+C)=A-B+A-C (B.4)
AxB+C) =AxB+AxC (B.5)
A-BxC)=B-(CxA) =C-(AxB) (B.6)
AxBxC)=BA-C)—CA-B)=Bx(AxC)+Cx(BxA) (B.7)
(AxB)- (CxD)=A-[Bx(CxD)]=@B-D)A-C)—B-C)A- D) (B.8)
(AxB)x (CxD)=C[A-B xD)]—D[A- B x C)] (B.9)
Ax[Bx (CxD)]= B -D)(AxC)—B-C) A xD) (B.10)
A-© B =(A-¢- B (B.11)
Ax@ExB)=(Ax¢)xB (B.12)
C-(a-by=(C-a)-b (B.13)
@b-C=a-(b-0 (B.14)
A-Bx¢) =-B-(Ax¢) =(AxB)- ¢ (B.15)
Ax(Bxe) =B-(Ax¢) —¢A-B) (B.16)
AI=1-A=A (B.17)

Integral theorems

Note: S bounds V, I' bounds S, f is normal to S at r, 1 and 1h are tangential to S at
r, | is tangential to the contour I', ma x 1 = A, dl =1d/, and dS = adS.

Divergence theorem

/V~AdV=y§A-dS (B.18)
\%4 S
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Green’s first identity for scalar fields

Gradient theorem

Curl theorem

Stokes’s theorem

ob
/(Va - Vb +aV’h)dV = fa— ds
Vv Ky an
Green’s second identity for scalar fields (Green’s theorem)

b 0
/(av2b—bv2a)dv =7§ a2 %) 4s
Vv Ky Bn Bn

Green’s first identity for vector fields
f{(VxA)-(VxB)—A-[V x (VxB)]}dV =
14

/V~[Ax(VxB)]dV:f[Ax(VxB)}dS
4 s

Green’s second identity for vector fields
/{B-[Vx (VxA]—-A-[VX(VxB]dV =
v

f[Ax(VxB)—BX(VxA)]-dS
s
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Helmholtz theorem
V/ . A / A / . o/
A(r) = -V / Adv’_ﬁgds’ +
vy 4r|r —r/| s4mir—r'|

LV x [/ V' x A(l'/) dv/_l_f A(I'/) x 1Y dS/i| (B33)
\%4 S

4 |r — 1| 4|r — 1|

Miscellaneous identities

fds =0 (B.34)

S
/ﬁ x (Va)dS = ?g adl (B.35)

S r
/(Va xVb)~dS=/aVb~dl=—fbVa«dl (B.36)
S r r
fdlA = /n x (VA)dS (B.37)
N
Derivative identities

V(a+b)=Va+ Vb (B.38)
V.-(A+B)=V.-A+V-.B (B.39)
VxA+B)=VxA+VxB (B.40)
V(ab) = aVb+bVa (B.41)
V-@B)=aV-B+B-Va (B.42)
V x (aB) =aV xB—B x Va (B.43)
V.- AxB)=B-VxA—-A-VxB (B.44)
Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B (B.45)
VA -B)=Ax(VxB)+Bx (VxA +A-V)B+B-V)A (B.46)
Vx(VxA)=V(V-A) - VA (B.47)
V. (Va) = V?a (B.48)
V- (VxA) =0 (B.49)
V x (Va) =0 (B.50)
V x (aVbh) = Va x Vb (B.51)
V2(ab) = aV?b + 2(Va) - (Vb) + bV?a (B.52)
V2(aB) = aV*B +BV?a +2(Va - V)B (B.53)
Via=V(V-a)—V x (V xa) (B.54)
V-(AB)=(V-A)B+A-(VB)=(V-A)B+ (A-V)B (B.55)
V x (AB) = (V x A)B — A x (VB) (B.56)
V.- (Vxa) =0 (B.57)
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V x (VA) =0 (B.58)
V(A x B) = (VA) x B— (VB) x A (B.59)
V(aB) = (Va)B + a(VB) (B.60)
V - (ab) = (Va) -b+a(V - b) (B.61)
V x (ab) = (Va) x b+ a(V x b) (B.62)
V- (al) = Va (B.63)
V x (al) = Va x 1 (B.64)
|
Identities involving the displacement vector
Note: R=r—r, R=|R|, R=R/R, f'(x) =df(x)/dx.
Vf(R)=—-V' f(R)=Rf(R) (B.65)
VR =R (B.66)
v < ! > __R (B.67)
R)™ R? '
efij R 1 )
\% ( A ) =-R (i + ]k> (B.68)
V- [f(RR] =~V -[f(RR] =2 (B.69)
V-R=3 (B.70)
L2
R=2 (B.71)
. e kR 1 .
vV-(R = ):(E—]k> (B.72)
Vx[f(RR] =0 (B.73)
v? (%) = —478(R) (B.74)
e~ JkR
(V? + k2)T = —475(R) (B.75)
|
Identities involving the plane-wave function
Note: E is a constant vector, k = |K|.
\Y% (e_jk'r) = —jke /¥T B.76)
V. (Ee/*T) = — jk - Ee /kT (B.77)
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V x (Ee /%) = — jk x Ee /%"
V? (Ee /") = —k*Ee/*"

Identities involving the transverse/longitudinal decomposition

Note: 1 is a constant unit vector, A, = a-A, d/ou =0-V, A, = A—-1d4,, V, =

V —03/0u.

A=A, +104,

0
V=V, +i—
u

a-A =0
(@-V)¢p=0

Vip =V — u%
ou

(Vo) = (a V)¢——¢

“(Vi¢) =0

V- (4g) =0

V; x () = —ti x V,¢
V: x (1 xA) =aV,-A,
ax (V;, xA)=V,A

x (V, xA;)=0
i-(xA)=0

ax (GxA) =—-A

V¢ =V, + u8—¢

=

=

=

dA,

V.- A=V, A,
ou

N 0A,
VXA=V, xA +1lx B——VtAu
u

2
v2¢=v2¢+—¢’
92A dA
VXVXAz[v,xv,xA,—auz’ v, } [—(V, A) — VA ]
5 92A,
V2A = V,(V,A)—i—a —V, xV, x A,
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(B.97)

(B.98)

(B.99)
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